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CONVERGENCE OF RICCI FLOW SOLUTIONS TO TAUB-NUT
FRANCESCO DI GIOVANNI
Abstract. We study the Ricci flow starting at an SU(2) cohomogeneity-1 metric g0
on R4 with monotone warping coefficients and whose restriction to any hypersphere
is a Berger metric. If g0 has bounded Hopf-fiber, curvature controlled by the size
of the orbits and opens faster than a paraboloid in the directions orthogonal to the
Hopf-fiber, then the flow converges to the Taub-NUT metric gTNUT in the Cheeger-
Gromov sense in infinite time. We also classify the long-time behaviour when g0 is
asymptotically flat. In order to identify infinite-time singularity models we obtain
a uniqueness result for gTNUT.
1. Introduction
In [Ham82], Hamilton introduced a method to study the topology of manifolds by
flowing Riemannian metrics in the direction of the Ricci tensor: a family of metrics
g(t) solve Hamilton’s Ricci flow on a manifold M with initial condition g0 if
∂g
∂t
= −2Ricg(t), g(0) = g0.
If the initial metric g0 is complete and has bounded curvature, then from celebrated
works of Shi [Shi89] and Chen-Zhu [CZ06] we derive that there exists a solution to the
problem and that such solution is unique in the class of complete, bounded curvature
solutions respectively: from now on, we always consider maximal complete, bounded
curvature solutions to the Ricci flow. By [Shi89] we know that a solution to the Ricci
flow exists smoothly for all positive times if and only if the curvature is bounded on
any time slice. Since the flow is a heat-type evolution problem for Riemannian metrics,
it is tempting to expect immortal solutions to approach more regular structures in
infinite time. In this regard, the behaviour of a solution existing for all positive times
has been classified as follows, depending on whether the curvature decays at least as
fast as t−1 [Ham95]:
Type-II(b) : lim sup
tր∞
(
sup
M
t|Rmg(t)|g(t)
)
=∞,
Type-III : lim sup
tր∞
(
sup
M
t|Rmg(t)|g(t)
)
<∞.
Several examples of Type-III singularities for the Ricci flow have been found, both
in the compact setting [LSˇ14] and in the non-compact one [OW07]. In fact, some of
these cases have been shown to be occurrences of more general phenomena related to
either the dimension or the existence of many symmetries: Bamler proved that any
closed 3-dimensional immortal Ricci flow encounters a Type-III singularity in infinite
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time [Bam18], while Bo¨hm showed that the same conclusion applies to any immortal
homogeneous Ricci flow [Bo¨h15].
If a solution develops a Type-III singularity and converges smoothly without rescal-
ing in the Cheeger-Gromov sense, meaning that some control on the injectivity radius
is available, then the limit is flat. Since Ricci-flat metrics constitute fixed points for
the flow, it is natural to search for immortal solutions converging to Ricci-flat non-flat
metrics in infinite time, thus encountering Type-II(b) singularities. In this sense, only
few results are known and most of them are stability properties: the initial condition
needs to be sufficiently close to the Ricci-flat metric for the Ricci flow solution to con-
verge. For such results, whether the underlying topology is compact or not plays a
key role in the analysis. Using Perelman’s λ-functional, Haslhofer and Mu¨ller [HM14]
proved stability properties for closed Ricci-flat spaces, generalizing earlier work of
[Sˇesˇ06]. In the non-compact setting, Deruelle and Kro¨ncke derived a stability result
for a class of ALE Ricci flat manifolds [DK20].
Since the Ricci flow preserves isometries, one might consider looking for solutions
converging to Ricci-flat fixed points when symmetries are present. In this direction,
Marxen recently generalized earlier work of Hamilton to prove that if (N, gN) is closed
and Ricci-flat, then a class of warped product solutions to the Ricci flow (R×N, g(t)),
of the form g(t) = k2(x, t)dx2+ f 2(x, t)gN , converge to (R×N, dx2+ c2gN), for some
c > 0, whenever the initial condition is asymptotic to the target Ricci-flat metric
[Mar19]. On the other hand, in the maximally symmetric case of homogeneous Ricci
flows, convergence to Ricci-flat non-flat spaces is not possible due to a classic result
of Alekseevskii and Kimelfeld [AK75]. One of the main contributions of this work
consists in proving that a large family of cohomogeneity-1 metrics on R4 converge to
the Ricci-flat Taub-NUT metric in infinite time along the Ricci flow.
We briefly describe the class of metrics we use as initial data for the flow. Any
complete metric g which is both invariant under the cohomogeneity-1 left-action of
SU(2) on R4 and under rotations of the Hopf-fibres can be diagonalized with respect
to a fixed Milnor frame and hence be written, away from the origin, as:
g = ds2 + b2(s) π∗gS2( 1
2
) + c
2(s) σ3 ⊗ σ3,
where s is the g-distance from the origin, π∗gS2( 1
2
) is the pull-back of the Fubini-Study
metric under the Hopf map, and σ3 is the one-form dual to the vector field tangent
to the Hopf-fibres.
If the roundness ratio c/b is bounded from above by 1, then in analogy with [IKSˇ16]
we say that g is a warped Berger metric. The Ricci flow problem in this symmetry
class has been studied on different topologies and examples of non-rotationally sym-
metric Type-I and Type-II(a) singularities have been constructed in [IKSˇ16] and in
[App19],[DG19a] respectively. A well-known warped Berger metric on R4 is given by
the Taub-NUT metric gTNUT, which can be written explicitly as
gTNUT =
1
16
(
1 +
2m−1
x
)
dx2 +
x2
4
(
1 +
2m−1
x
)
π∗gS2( 1
2
) +
m−2
1 + 2m
−1
x
σ3 ⊗ σ3,
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for some parameter m which we call the mass of gTNUT and which measures the inverse
of the finite size of the Hopf-fiber at spatial infinity. The Taub-NUT metric is a
gravitational instanton found on R4 by Hawking [Haw77]: it is a hyperka¨hler and
thus Ricci-flat asymptotically flat metric. We point out that the the stability result
in [DK20] does not apply to the Taub-NUT metric which is not ALE being (R4 \
{o}, gTNUT) the total space of a circle fibration with fibres approaching constant length
at spatial infinity.
In [DG19a] we proved that if g0 is a complete warped Berger metric with monotone
coefficients, i.e. satisfying bs ≥ 0 and cs ≥ 0, and curvature decaying at spatial
infinity, then the maximal Ricci flow solution starting at g0 is immortal. In light
of such result and being gTNUT an asymptotically flat metric, we first focus on the
following family of initial data:
Definition 1. The class GAF consists of all complete warped Berger metrics g on R4
with monotone coefficients satisfying
(1) sup
p∈R4
(dg(o, p))
2+ǫ |Rmg|g(p) <∞,
for some ǫ > 0. A metric g ∈ GAF is called asymptotically flat.
The class GAF divides in two categories (see Lemma 2.4): metrics with cubic volume
growth, for which b opens up linearly and the Hopf-fiber approaches a positive finite
quantity m−1, and metrics with Euclidean volume growth. Consistently with the
Taub-NUT construction we say that a metric g ∈ GAF has positive mass m in the first
case and zero mass in the second case respectively. We prove that for asymptotically
flat warped Berger metrics with monotone coefficients the long-time behaviour of the
flow only depends on the mass.
In the following we say that a Ricci flow solution converges to a Ricci-flat metric
g∞ on R
4 in the pointed Cheeger-Gromov sense as t ր ∞ if for any tj ր ∞ the
sequence (R4, gj(t),o), defined by gj(t) = g(tj + t), converges to (R
4, g∞,o) in the
pointed Cheeger-Gromov sense. In particular, there is no rescaling of the solution.
Theorem 1. Let (R4, g(t))t≥0 be the maximal solution to the Ricci flow starting at
some g0 ∈ GAF. Either one of the following conditions is satisfied:
(i) If g0 has positive mass m, then g(t) encounters a Type-II(b) singularity.
Moreover, g(t) converges to the Taub-NUT metric of mass m in the pointed
Cheeger-Gromov sense as tր∞.
(ii) If g0 has zero mass, then the solution encounters a Type-III singularity. In par-
ticular, g(t) converges to the Euclidean metric in the pointed Cheeger-Gromov
sense as tր∞.
We note that an analogous Type-III result for SO(n)-invariant Ricci flows without
minimal hyperspheres was obtained in [OW07]. Moreover, a numerical investigation
on the stability of the Taub-NUT metric for warped Berger Ricci flows in B¯4 was
conducted in [HSW07]: Theorem 1 and its generalization below provide a rigorous
frame for addressing the questions raised in [HSW07] on the R4-topology.
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In [App18], Appleton proved that on R4 there exists a warped Berger gradient
steady soliton with monotone coefficients, bounded Hopf-fiber and coefficient b in the
directions orthogonal to the Hopf-fiber opening as fast as a paraboloid in R3. Namely,
the soliton satisfies the asymptotics:
c(s) ∼ constant, b(s) ∼ √s.
Consequently, we cannot expect initial data opening with arbitrary speed to con-
verge to gTNUT along the flow. The paraboloid growth rate plays a role in [Ive94],
where Ivey found a family of positively curved, pinched SO(3)-invariant immortal
Ricci flows on R3 opening (at least) as fast as a paraboloid that do converge in subse-
quences in the pointed Cheeger-Gromov sense as tր∞ [Ive94]. Partly motivated by
such analysis, we investigate whether a similar convergence property holds for warped
Berger Ricci flows opening faster than a paraboloid, thus ruling out Appleton’s soli-
ton, without restricting to positively curved pinched solutions. With that in mind,
we give the following:
Definition 2. For all 0 ≤ k < 1, the class Gk consists of all complete warped Berger
metrics g with monotone coefficients satisfying:
0 < lim inf
s→∞
bs
(
b
c
)k
(s) ≤ lim sup
s→∞
bs
(
b
c
)k
(s) <∞,
sup
p∈R4
(
b2|Rmg|g
)
(p) <∞,
sup
p∈R4
c(p) <∞.
We note that the conditions in Definition 2 are independent and that metrics in
GAF with positive mass belong to G0. In particular, we still call mass the inverse of
the size of the Hopf-fiber at spatial infinity. By integrating the first constraint we
see that if g ∈ Gk, then the warping coefficient b behaves like s
1
k+1 , meaning that the
projection of g on the base space via the Hopf-map opens faster than a paraboloid in
R3. We prove that any maximal Ricci flow solution starting in Gk develops a Type-
II(b) singularity modelled by an ancient solution satisfying the conditions below.
Definition 3. Let m > 0. The class A consists of all complete, warped Berger
ancient solutions to the Ricci flow on R4 with monotone coefficients and curvature
uniformly bounded in the space-time, satisfying
bs ≥
f
(
b
c
)
b
c
c ≤ m−1
for some continuous positive function f such that f(z)→∞ as z →∞.
We point out that the class A describes warped Berger ancient solutions opening
faster than a paraboloid in the directions orthogonal to the Hopf-fiber. Our second
main result is a rigidity property.
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Theorem 2. The only ancient solution in A is the Taub-NUT metric.
First, we observe that the result is optimal, for the existence of the gradient steady
soliton found by Appleton highlights that we cannot drop the requirement on f to
diverge in space-time regions where the roundness ratio c/b becomes degenerate.
Moreover, the Euclidean metric would also be included in the class A if we allowed
the size of the Hopf-fiber to be unbounded.
We emphasize that the rigidity result applies to possible collapsed infinite-time
singularity models. Indeed, since the Taub-NUT metric is asymptotically flat with
bounded Hopf-fiber, we see that for any κ > 0 there exist p ∈ R4 and r > 0 such that
gTNUT is κ-strongly collapsed at p for all scales larger than r. It is also worth comparing
Theorem 2 with a quantization result obtained by Minerbe in [Min10], where they
proved that a class of hyperka¨hler 4-manifolds must have cubic volume growth. Our
rigidity result may then be interpreted in terms of quantization of the volume growth
as well, for in the definition of A we, a priori, allow for ancient solutions with volume
growth faster than quadratic.
As a consequence of the previous rigidity result we show the following:
Theorem 3. Let (R4, g(t))t≥0 be the maximal solution to the Ricci flow starting at
some g0 ∈ Gk with mass m > 0 . Then g(t) converges to the Taub-NUT metric of
mass m in the pointed Cheeger-Gromov sense as tր∞.
Again, the result is in some sense optimal because from the existence of the soliton
we derive that we cannot extend the convergence to initial data in G1. Theorem 3
is not a stability property: metrics in Gk are, with the exception of a subclass in
G0, not asymptotically flat and indeed they have different volume growth and rate of
decay of the curvature with respect to the Taub-NUT metric. In fact, we can find
initial data with nonnegative sectional curvature flowing to the Ricci-flat Taub-NUT
metric. While the fact that positive sectional curvature is not preserved along the flow
in dimension higher than three is well known, even in the cohomogeneity-1 setting
[BK16], in the result below we prove that negative sectional curvature terms not only
appear along the solution but also balance out the positive terms to yield a Ricci-flat
limit in infinite time.
Corollary 1. There exists a complete, bounded curvature warped Berger metric g0
with sec(g0) ≥ 0 such that the maximal Ricci flow solution starting at g0 is immortal
and converges to gTNUT in the pointed Cheeger-Gromov sense as tր∞.
Outline. In Section 2 we describe the class of initial data and we comment on the
assumptions. In particular, we recap a few key properties of gTNUT. In Section 3 we
focus on Ricci flows starting in GAF. In the asymptotically flat setting one can con-
trol the solution at spatial infinity in a precise way and hence maximum principle
arguments follow. Similarly to other cohomogeneity-1 scenarios [OW07], [IKSˇ16],
[App19], [DG19a], we prove that the curvature is uniformly controlled whenever the
principal orbits are non-degenerate. More importantly, we show that if the Hopf-
fiber is bounded, then the solution always opens faster than a paraboloid in R3 in
any space-time region where the roundness ratio c/b gets small. We dedicate Section
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4 to extending the analysis for asymptotically flat Ricci flows with positive mass to
solutions starting in Gk. In this regard, a few extra-steps are needed to prove that
the initial assumptions in the Definition of Gk do imply that the behaviour of the
warping coefficients at spatial infinity along the solution is known. In Section 5 we
present a compactness result for a class of warped Berger solutions of the Ricci-flow
on R4. Such property has an analogous counterpart in [App19], where Appleton for-
mulates the compactness theorem under a different set of assumptions. In particular,
they focus on non-collapsed sequences of Ricci flows, being interested in applying
the result to the analysis of finite-time singularities. However, in our setting such
assumption is not available for we wish to study infinite-time singularity models of
(non-rescaled) Ricci-flows. Therefore, we prove that one can still pass to a pointed
Cheeger-Gromov limit which not only preserves the symmetries but whose warping
coefficients are smooth limits of the warping coefficients along the sequence, provided
that the roundness ratio c/b is non-degenerate at the given origins we center the solu-
tions at. As a first application of the compactness result, we show that the curvature
of any Ricci flow solution in Gk and GAF is uniformly bounded in time so that we never
need to rescale for obtaining smooth limits at infinite time. Section 6 is devoted to
proving that the only complete warped Berger ancient solution with monotone coeffi-
cients, bounded curvature, bounded Hopf-fiber and opening faster than a paraboloid
along the directions orthogonal to the Hopf-fiber is gTNUT. The argument follows a
similar approach used by Appleton in [App19] to derive a uniqueness result for the
Eguchi-Hanson metric: we rely on the Compactness result in Section 5 to show that
relevant geometric quantities always attain their critical values in the space-time, up
to passing to a pointed Cheeger-Gromov limit sharing the same features of the given
ancient solution. In particular, we prove that one of the hyperka¨hler first-order quan-
tities which vanishes identically for gTNUT is always nonnegative on the class of ancient
solutions described above: this yields that the ancient solution is Ricci-flat and hence
homothetic to gTNUT. We point out that differently from the case discussed by Apple-
ton, we cannot use the κ-non-collapsedness of the ancient solutions, which plays an
important role in their analysis. Therefore, one of the main difficulties here consists
in ensuring that the roundness ratio c/b stays positive along any space-time sequence
we use to approximate critical values of some given geometric quantity so that the
compactness result can indeed be applied. In fact, we know that on the soliton the
hyperka¨hler quantity mentioned before approaches its infimum in space-time regions
where the roundness ratio becomes degenerate. Finally, we rely on the uniqueness
result in Section 6 to prove the convergence of immortal Ricci flows in Gk and GAF.
Acknowledgements. The author would like to thank Jason Lotay for suggesting
him to work on this problem as part of his PhD, for the constant support and for
many helpful conversations.
2. Initial data for the Ricci flow
2.1. Warped Berger metrics on R4. Let (M, g) be a non-compact Riemannian
manifold and let G be a compact Lie group acting on (M, g) with cohomogeneity
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1. Assume that there exists a singular orbit Σsing, alternatively the orbit space is
homeomorphic to R and M is hence foliated by G/H, with H the principal isotropy
group. Given q ∈ Σsing we consider a minimal geodesic γ starting at q and meeting
all the principal orbits orthogonally. Away from the singular orbit, we can write g
along γ as
g = ds2 + gs,
for some 1-parameter family of homogeneous metrics gs on G/H. We may then use
the action to extend such form on any orbit and therefore on the entire principal
part of the manifold. If there are enough isometries, then the family of metrics gs
can be diagonalized along a fixed frame. In this case the diagonal form is preserved
along the Ricci flow whenever the solution is unique in the class considered due to the
diffeomorphism invariance. Before we concentrate on the cohomogeneity-1 left-action
of SU(2) on R4 = C2, we briefly discuss homogeneous metrics on the 3-sphere. We
thank Christoph Bo¨hm for suggesting the following argument to us.
Once we identify S3 with the unit quaternions, we see that S3 × S3 acts on S3
by conjugation. Consider the finite group H = {±1,±i,±j,±k}. Then S3 × H
still acts on S3 with isotropy group at 1 given by G1 = {h = (h, h) ∈ H × H}.
For any element h ∈ G1 the map dh : T1S3 → T1S3 acts by conjugation on the
space of pure imaginary quaternions. In particular, we find that T1S
3 splits as the
direct sum of three inequivalent 1-dimensional representations spanned by {i, j, k}
respectively, such that none of them is acted on trivially. Since any homogeneous
Riemannian metric g on S3 must be an Ad(G1)-invariant inner-product on T1S
3, by
Schur’s Lemma we deduce that g is diagonal along the frame {i, j, k}. The same
conclusion holds for the Ricci tensor being a bilinear symmetric Ad(G1)-invariant
form. We also note that one could derive the orthogonality of g by simply checking
that the inner product induced by g on T1S
3 satisfies
< i, j >=< i · i · i¯, i · j · i¯ >= − < i, j > .
The same argument can be generalised to the cohomogeneity-1 action of SU(2) on
(R4, g), meaning that given a basis {I, J,K} in the Lie algebra su(2), then the restric-
tion of g to any principal orbit can be diagonalized along the left-invariant extensions
of {I, J,K}. From now on, we denote such extensions by {X1, X2, X3}, while we let
{Y1, Y2, Y3} be their right-invariant counterparts. Thus, the frame {Yi} constitutes a
basis of Killing vectors for (R4, g). Thanks to the diffeomorphism between S3 ⊂ C2
and SU(2), defined in Euler coordinates by
(ei(θ+ψ) cos(φ), ei(θ−ψ) sin(φ)) 7→
[
ei(θ+ψ) cos(φ) −e−i(θ−ψ) sin(φ)
ei(θ−ψ) sin(φ) e−i(θ+ψ) cos(φ)
]
,
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where φ ∈ [0, π/2), ψ ∈ [0, π), θ ∈ [0, 2π), we may write the left-invariant frame as
X1 = sin(2θ)∂φ − cos(2θ)
sin(2φ)
∂ψ + cot(φ) cos(2θ)∂θ,
X2 = cos(2θ)∂φ +
sin(2θ)
sin(2φ)
∂ψ − cot(2φ) sin(2θ)∂θ,(2)
X3 = ∂θ.
According to the previous discussion, given a metric g invariant under the cohomogeneity-
1 action of SU(2) on R4, away from the origin o we can represent g by
g = ξ2(x)dx⊗ dx+ gx
= ξ2(x)dx⊗ dx+ a2(x) σ1 ⊗ σ1 + b2(x) σ2 ⊗ σ2 + c2(x) σ3 ⊗ σ3,
(3)
where ξ, a, b, c : (0,+∞) → (0,+∞) are smooth radial functions and {σi} is the
left-invariant dual coframe induced by {Xi}. If we introduce the geometric quantity
s(·) = dg(o, ·), then we may rewrite (3) as
(4) g = ds2 + a2(s) σ1 ⊗ σ1 + b2(s) σ2 ⊗ σ2 + c2(s) σ3 ⊗ σ3.
If we also assume g to be invariant under the U(1) action on the Hopf-fibres, then
the vector field X3 is Killing, thus enlarging the Lie algebra of Killing vectors to u(2).
This is equivalent to requiring a = b on R4. Therefore, the Hopf-fibration allows us
to write
(5) g = ds2 + b2(s) π∗gS2( 1
2
) + c
2(s) σ3 ⊗ σ3,
where gS2( 1
2
) is the Fubini-Study metric and σ3 is the one-form dual to the vector field
tangent to the Hopf-fibres. In the following we usually refer to the warping coefficient
b as the coefficient of g along the S2-direction. Similarly, we often say that the factor
c constitutes the size of the Hopf-fiber. According to (5), an SU(2)U(1)-invariant
metric g on R4 is given by the formula:
(6) g = gR3 + c
2(s) σ3 ⊗ σ3,
where gR3 is the projection of g on the base via the Hopf-fibration R
4\{o} → R3\{o}.
In the analysis below it is important to control how fast the manifold (R3, gR3) opens
up. Indeed, in this work we always discuss solutions to the Ricci flow evolving from
metrics g of the form (6) with gR3 opening faster than a paraboloid.
We finally focus on those SU(2)U(1)-invariant metrics g on R4 satisfying the warped
Berger condition (see also [IKSˇ16]):
c ≤ b.
Accordingly, any homogeneous metric gs on the principal orbit {s} × S3 is a Berger
metric with squashing factor c/b ≤ 1. Since such squashing factor plays an important
role in the analysis and also appears in the hyperka¨hler quantities characterizing the
Taub-NUT metric, we make the following:
Definition 2.1. Given a warped Berger metric g, the scale-invariant roundness ratio
c/b : R4 → (0, 1] is denoted by u.
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We observe that for any radial map f we think of f = f(s) = f(s(x)) as a function
of x unless otherwise stated. In particular, we have the following relation between
the two radial derivatives:
(7) ∂s =
1
ξ(x)
∂x.
The metric g in (5) defines a smooth metric on R4 if and only if b and c are smooth
odd functions of the radial variable x and the condition below holds:
(8) lim
s→0
db
ds
(s) = lim
s→0
dc
ds
(s) = 1.
It is worth noting that the smoothness conditions reflect the underlying topology and
hence lead to significant variations, both in terms of results and approach, when com-
paring the study of SU(2)U(1)-invariant Ricci flows on different manifolds [IKSˇ16],
[App19],[DG19a].
2.2. Curvature terms. If g is a warped Berger metric on R4, then from the Koszul
formula we derive the vertical sectional curvatures
k12 =
1
b2
(
4− 3u2 − b2s
)
,(9)
k13 = k23 =
1
b2
(
u2 − bscsu−1
)
,(10)
and the mixed sectional curvatures
k01 = k02 = −bss
b
,(11)
k03 = −css
c
.(12)
Moreover, unless the isometry group extends to SO(4), we also have a non-trivial
curvature term which is not the sectional curvature of a 2-plane:
(13) Rm0123 =
1
b2
(cs − bsu) = us
b
.
We finally report the formula for the scalar curvature:
(14) Rg = 2(k01 + k02 + k03 + k12 + k13 + k23).
2.3. Monotone coefficients. Since we are interested in studying the long-time be-
haviour of the Ricci flow, we always consider maximal solutions evolving from warped
Berger metrics with coefficients b and c increasing in space. Namely, we make the
following:
Definition 2.2. A warped Berger metric has monotone coefficients if
(15) bs ≥ 0, cs ≥ 0.
The reason we restrict our analysis to this subclass is twofold. We know that
there exist spherically symmetric asymptotically flat initial data containing minimal
3-spheres leading to the formation of finite-time Type-I singularities along the Ricci
flow [DG19b]. The monotonicity condition is meant to generalise the lack of minimal
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embedded spheres for the SO(n)-invariant setting and is hence natural when the
emphasis is on investigating the long-time behaviour of the Ricci flow. Indeed, in
[DG19a] we proved that the maximal complete, bounded curvature Ricci flow solution
starting at some warped Berger metric with monotone coefficients and curvature
decaying at spatial infinity is immortal. In fact, the result holds with assumptions
weaker than the spatial monotonicity of both the coefficients b and c. However, the
stronger requirement provided in Definition 2.2 allows us to control the injectivity
radius of the solution only in terms of upper bounds of the curvature.
Once we know that according to [DG19a, Theorem 3] we have a large family of
immortal solutions, we wish to determine for which subclass it is possible to classify
the infinite-time singularity models. In particular, we aim to identify a class of initial
data giving rise to solutions encountering a Type-II(b) singularity at infinite time
modelled by the Taub-NUT metric. In order to do that, we first recollect a few
properties of the Ricci-flat Taub-NUT metric.
2.4. The Taub-NUT metric. The Taub-NUT metric is a complete gravitational
instanton found on R4 by Hawking in [Haw77]. Following [FLS17], we describe the
Taub-NUT metric gTNUT as the complete, warped Berger metric on R
4 of the form (5),
whose warping coefficients b and c satisfy the differential equations below:
(16) J1
.
= cs − u2 = 0,
and
(17) J2
.
= bs + u− 2 = 0.
The first-order conditions define a hyperka¨hler structure on (R4, gTNUT), so that gTNUT
is in particular Ricci-flat. One may solve explicitly the equations and write gTNUT as
(see also [FLS17]):
(18) gTNUT =
1
16
(
1 +
2m−1
x
)
dx2 +
x2
4
(
1 +
2m−1
x
)
π∗gS2( 1
2
) +
m−2
1 + 2m
−1
x
σ3 ⊗ σ3,
where m is a positive parameter quantifying the mass of the magnetic monopole
giving rise to the Taub-NUT metric [Haw77]. Since m−1 measures the size of the
Hopf-fiber at spatial infinity, we see that gTNUT has cubic volume growth, meaning that
there exist A ≥ α > 0 such that
α r3 ≤ VolgTNUT (BgTNUT(o , r)) ≤ Ar3, ∀r ≥ 1.
From the formulas of the curvature terms given above we also derive that gTNUT is an
asymptotically flat metric satisfying
sup
p∈R4
(dgTNUT(o , p))
3|RmgTNUT |gTNUT(p) <∞.
Since by (17) the coefficient b along the S2-direction orthogonal to the Hopf-fiber
grows linearly in the distance, we get
b3(s)|k12|(s) ≥ δ > 0,
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for all s ≥ 1. Namely, we find that b3|RmgTNUT |gTNUT ≥ δ away from the unit ball
with respect to gTNUT centred at the origin. By the latter property and the uniform
boundedness of the Hopf-fiber we derive that for any κ > 0 there exist p ∈ R4 and
r > 0 such that gTNUT is strongly κ-collapsed at p for all scales larger than r. According
to Perelman’s analysis, we can rule out the Taub-NUT metric as a possible finite-
time singularity model for the Ricci flow. One of the main goals of this work consists
in showing that gTNUT can actually appear as an infinite-time singularity model for
immortal Ricci flow solutions.
2.5. Asymptotically flat initial data. Since the curvature of the Taub-NUT met-
ric decays at a cubic rate at spatial infinity, it is worth investigating the Ricci flow
starting at a warped Berger asymptotically flat metric. It turns out that, as long
as we restrict our analysis to asymptotically flat metrics with monotone coefficients,
the long-time behaviour of the flow for those initial data can be entirely classified
and only depends on the length of the Hopf-fiber at spatial infinity. First, we set the
following:
Definition 2.3. The class GAF consists of all complete warped Berger metrics g on
R
4 with monotone coefficients satisfying
(19) sup
p∈R4
(dg(o, p))
2+ǫ |Rmg|g(p) <∞,
for some ǫ > 0. A metric g ∈ GAF is called asymptotically flat.
Below we provide a simple characterization of GAF. In fact, for the next result we
may also drop the assumption on the monotonicity of the warping coefficients.
Lemma 2.4. Let g be an asymptotically flat warped Berger metric on R4. Then
either one of the following conditions is satisfied:
(i) There exist the limits
lim
s(p)→∞
bs(p) = 2, lim
s(p)→∞
cs(p) = 0, lim
s(p)→∞
c(p)
.
= m−1g ∈ (0,∞).
(ii) There exist the limits
lim
s(p)→∞
bs(p) = 1, lim
s(p)→∞
cs(p) = 1.
Proof. In the following we always take s ≥ 1 and we let ǫ and α be the positive
number appearing in (19) and a uniform constant that may change from line to line
respectively. We first note that the asymptotic behaviour of the derivatives is a
known fact [Unn96]. Therefore it only remains to show that in case (i) the warping
coefficient c admits a finite positive limit at spatial infinity. Since cs is decaying to
zero at spatial infinity there exists γ > 0 such that c(s) ≤ γ s. Consider the quantity
ν = min{ǫ, 3/4}. From (12) and (19) we derive
|s1+νcss| ≤ γ|s2+ν css
c
| ≤ α.
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We can thus apply l’Hoˆpital formula and conclude that s
2
3
νcs is bounded for all s ≥ 1.
It follows that
c(s) ≤ α(1 + s1− 23ν),
for all s ≥ 1. Since b grows linearly with respect to the geometric coordinate s, we
also have
s2+ν
u2
b2
≤ αs−2+νc2 ≤ α s− ν3 .
The previous estimate, the condition bs → 2 and formula (10) yield∣∣∣s1+ν cs
c
∣∣∣ ≤ α.
By integrating we conclude that there there exist 0 < δ < M <∞ such that
δ ≤ c ≤M
for any s ≥ 1. The uniform upper bound for c and (12) give |css| ≤ αs−2−ν . Integrat-
ing and using that cs → 0 at infinity we obtain |cs| ≤ αs−1−ν . Therefore c admits a
limit at infinity, which by the previous analysis needs to be positive and finite. 
Remark 2.5. From the classification result in Lemma 2.4 we see that any metric
g ∈ GAF with vanishing asymptotic volume ratio behaves like the Taub-NUT metric
at spatial infinity, in the sense that VolgBg(o, r) ∼ r3, for r ≥ 1. In particular, for
any such g the Hopf-fiber has a well defined positive and finite length at infinity.
In analogy with the magnetic monopole construction of the Taub-NUT metric, we
refer to the quantity (lims(p)→∞ c(p))
−1 ≡ mg as the mass of g. Accordingly, Lemma
2.4 implies that the class GAF is the union of cubic volume growth metrics with
bounded Hopf-fiber -i.e. positive mass - and of Euclidean volume growth metrics
with unbounded Hopf-fiber - i.e. zero mass.
2.6. Initial data opening faster than a paraboloid. Appleton proved that on
R4 there exists a warped Berger gradient steady soliton with monotone coefficients
which is characterized by the following asymptotics at spatial infinity [App18]:
c(s) ∼ constant, b(s) ∼ √s.
Therefore, the length of the Hopf-fiber approaches a positive finite quantity at spatial
infinity, while the projection on the base space R3 \ {o}
gR3 = ds
2 + b2(s) π∗gS2( 1
2
)
opens as fast as a paraboloid on R3. Thus, we derive that initial data opening at
spatial infinity with arbitrary speed may fail to converge to the Taub-NUT metric in
infinite time, the soliton being an explicit example for that.
In [Ive94], Ivey showed that a family of positively curved, pinched SO(3)-invariant
immortal Ricci flows on R3 opening (at least) as fast as a paraboloid do converge along
subsequences in the pointed Cheeger-Gromov sense as t ր ∞ [Ive94]. In line with
this result, one is tempted to ask whether an analogous property holds in our setting.
Accordingly, we aim to determine whether the soliton provides a sort of lower barrier
for the convergence property, in the sense that any solution with bounded Hopf-fiber
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and warping coefficient along the S2-direction growing faster than a paraboloid in R3
does flow to the Taub-NUT metric in infinite time. From a slightly different angle, we
investigate whether the Taub-NUT metric is the only complete, bounded curvature
warped Berger ancient Ricci flow with monotone coefficients, bounded Hopf-fiber and
opening faster than the soliton.
By the previous observations we need to characterize the property of a warped
Berger metric opening faster than a paraboloid in a way that would be meaningful
and hence preserved along a Ricci flow solution.
Definition 2.6. For all 0 ≤ k < 1, the class Gk consists of all complete warped Berger
metrics g with monotone coefficients satisfying:
0 < lim inf
s→∞
(bsu
−k)(s) ≤ lim sup
s→∞
(bsu
−k)(s) <∞,(20)
sup
p∈R4
(
b2|Rmg|g
)
(p) <∞,(21)
sup
p∈R4
c(p) <∞.(22)
Since from (22) we see that u−1 ∼ b away from the origin, we can integrate (20)
and derive that for any metric g ∈ Gk the warping coefficient b along the S2-direction
satisfies b(s) ∼ s 1k+1 for all s large enough, meaning that g opens faster than a
paraboloid. In particular, for any warped Berger metric g ∈ Gk the volume of geodesic
balls of radius r centred at the origin grows as
VolgBg(o , r) ∼ r
2
k+1
+1.
By combining (20) and (21) we find that the curvature of a metric g ∈ Gk decays at
a rate
(23) sup
p∈R4
(dg(o, p))
2
k+1 |Rmg|g(p) <∞.
We point out that the assumption (21) does not guarantee a control on the growth
of the warping coefficient b. In fact, the warped Berger metric
g = ds2 + arctan2(s)
(
σ21 + σ
2
2 + σ
2
3
)
= ds2 + arctan2(s)gS3
satisfies the condition in (21), yet the metric has cylindrical asymptotics. Indeed, the
maximal complete, bounded curvature Ricci flow solution starting at such g encoun-
ters a finite-time Type-II singularity [DG19a, Theorem 1]. On the other hand, the
curvature decay as in (23) does not imply (20), for one can take a warped Berger
metric with c(s) = arctan(s) and b(s) = s log(s) for all s ≥ 1 and find that (23) holds
with k = 0 while the warping coefficient b grows faster than a linear function of the
distance. Finally, the first-order constraint given by (20) does not rule out second
order terms which are not controlled by the size of the principal orbit b. We may
then conclude that (20), (21) and (23) are independent.
By the existence of the steady soliton found by Appleton we know that Ricci flow
solutions starting at initial data as in Definition 2.6 with k = 1 might in general fail
to converge to the Taub-NUT metric. We also note that the Euclidean metric would
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be included in the class G0 if we dropped the requirement on the size of the Hopf-fiber
in (22).
The class of asymptotically flat warped Berger metrics with positive mass - i.e.
bounded Hopf-fiber - is contained in G0. The sets Gk though allow for initial data
with geometric features different from the Taub-NUT metric, beyond the rates of
both decay of the curvature and growth of the volume of geodesic balls. Indeed, we
now describe a metric g ∈ G0 with nonnegative sectional curvature.
Lemma 2.7. There exists g ∈ G0 satisfying sec(g) ≥ 0.
Proof. Consider the warped Berger metric g on R+ × S3 defined by
g = ds2 + s2 π∗gS2( 1
2
) + c
2(s) σ3 ⊗ σ3,
where
c(s) =
∫ s
0
1
1 + y4
dy.
By the smoothness conditions in (8) we see that g extends to a complete warped
Berger metric on R4 with monotone coefficients. Since b is linear and c is concave we
have k01 = 0 and k03 ≥ 0. Moreover
k12 =
1
b2
(
4− 3u2 − b2s
)
=
3
b2
(
1− u2) ≥ 0.
Finally, by direct computation we check that (c− s(1 + s4)−1/3)s ≥ 0, hence yielding
k13 ≥ 0. Therefore, we have shown that sec(g) ≥ 0. In order to prove that g ∈ G0
it suffices to show that b2|sec(g)| is bounded since (20) and (22) are satisfied with
k = 0. To this aim, we find that there exists α > 0 such that
b2(s)|k01|(s) = 0,
b2(s)|k03|(s) = s2
∣∣∣∣ 1c(s)
(
− 4s
3
(1 + s4)2
)∣∣∣∣ ≤ α,
b2(s)|k12|(s) = 3
∣∣1− u2(s)∣∣ ≤ α,
b2(s)|k13|(s) =
∣∣∣∣u2 − sc(s)(1 + s4)
∣∣∣∣ ≤ α.

2.7. The Ricci flow equations. Given a complete, bounded curvature warped
Berger metric g0, there exists a unique maximal, complete, bounded curvature so-
lution to the Ricci flow (R4, g(t))0≤t<T starting at g0 [Shi89],[CZ06]. From now on we
omit to specify each time that any Ricci flow solution we consider is meant to be the
unique complete, bounded curvature one evolving from some initial metric g0.
If (R4, g(t))0≤t<T is the maximal Ricci flow starting at some complete, bounded cur-
vature warped Berger metric g0, then the diffeomorphism invariance and the unique-
ness property of the problem in the class of complete, bounded curvature solutions
ensure that g(t) is still an SU(2)U(1)-invariant metric for all t ∈ [0, T ). Therefore, we
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can argue as in Section 2.1 to derive that g(t) can be diagonalized with respect to a
time-independent fixed frame. Namely, the solution has the form
(24) g(t) = ds⊗ ds+ b2(s, t) (σ1 ⊗ σ1 + σ2 ⊗ σ2) + c2(s, t) σ3 ⊗ σ3,
where s = s(x, t) is the distance from the origin with respect to the solution and
hence is time-dependent. Such geometric coordinate allows us to write the Ricci flow
equations as
bt = bss +
(
cs
c
+
bs
b
)
bs + 2
u2
b
− 4
b
(25)
ct = css + 2
bscs
b
− 2u
3
b
.(26)
Since the coordinate s depends on time, there is a non trivial commutator between
∂t and ∂s given by
(27)
[
∂
∂t
,
∂
∂s
]
= −(ln(ξ))t ∂
∂s
= −
(
2
bss
b
+
css
c
)
∂
∂s
.
Remark 2.8. Throughout this work we often compute the evolution equation of geo-
metric quantities at stationary points. To this aim, the commutator formula plays
an important role. Say that we are interested in studying the sign of ∂tf at a local
minimum point, then we report the evolution equation of f at such minimum point
after using the conditions fss ≥ 0 and fs = 0.
We note that the Ricci flow preserves the class of warped Berger metrics with
monotone coefficients.
Lemma 2.9. Let (R4, g(t))0≤t<T be the maximal Ricci flow solution starting at some
complete, bounded curvature warped Berger metric g0 with monotone coefficients.
Then the following properties hold:
(i) u(·, t) ≤ 1 for all t ∈ [0, T ).
(ii) bs(·, t) > 0, cs(·, t) > 0 for all t ∈ (0, T ).
(iii) u(·, t) ≥ infR4 u(·, 0), for all t ∈ [0, T ).
Proof. The proof of (i) and (iii) follows from the same arguments in Lemma 2.6 in
[DG19a]. Similarly, one can easily adapt the proof of Lemma 3.5 in [DG19a] by
replacing the evolution equation of cH with that of cs to show that (ii) is satisfied as
long as the solution exists. 
Remark 2.10. In the following we always implicitly use that for warped Berger Ricci
flows the roundness ratio u is bounded by 1.
From the analysis in [DG19a] we finally derive that any Ricci flow solution we
consider below is in fact immortal.
Corollary 2.11. Let (R4, g(t))0≤t<T be the maximal Ricci flow solution starting at
some g0 belonging to either Gk or GAF. Then the solution is immortal.
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Proof. By direct computation one may check that (R4, g) does not contain closed
geodesics when g is a warped Berger metric with warping coefficients b and c strictly
increasing in space. Therefore, given a maximal Ricci flow solution as in the state-
ment, by Lemma 2.9 we see that we can find t0 ∈ (0, T ) such that (R4, g(t0))
does not contain closed geodesics. Since the curvature is bounded, we deduce that
inj(g(t0)) > 0. We may then apply [DG19a, Theorem 3] to the initial condition
(R4, g(t0)), being the decay of the curvature preserved along the flow [Ham95], and
conclude that the Ricci flow solution exists smoothly for all positive times.

3. The Ricci flow in GAF
In this section we study the Ricci flow problem in GAF. According to the charac-
terization of asymptotically flat warped Berger metrics provided in Lemma 2.4, given
g ∈ GAF we refer to the inverse of supR4 c as the mass of g. In particular, we recall
that the set GAF decomposes in the union of metrics with zero mass, or equivalently
Euclidean volume growth, and of metrics with positive mass, or equivalently cubic
volume growth. The key results of this section consist in showing that for any Ricci
flow solution in GAF the curvature is controlled by the size of the principal orbits
uniformly in time and the spatial derivative bs is bounded away from zero in any
space-time region where the roundness ratio u is not degenerate, once we let the flow
start.
We point out that most of the analysis could in fact be performed on a more general
level, however we prefer to focus first on the asymptotically flat case which is easier
to deal with - and also includes metrics with vanishing asymptotic volume ratio -
before discussing the problem for metrics in Gk, for which the behaviour of the flow
at spatial infinity is a priori less rigid.
We first verify that the Ricci flow acts on the class GAF preserving the curvature
decay of the initial metric (19).
Lemma 3.1. Let (R4, g(t))t≥0 be the maximal Ricci flow solution starting at some
g0 ∈ GAF and let ǫ > 0 be such that supR4(dg0(o, ·))2+ǫ|Rmg0 |g0(·) < ∞. For any
T ′ <∞ there exists αT ′ such that
sup
p∈R4
(dg0(o, p))
2+ǫ|Rmg(t)|g(t)(p) ≤ αT ′,
for all t ∈ [0, T ′].
Proof. We let s0 be the geometric coordinate representing the distance function from
the origin induced by g0 so that we can write the initial metric g0 as in (5). We
consider the smooth function φ : s0 7→
√
s20 + 1. From the connection terms, we see
that
|∇g0φ|g0 = |∂s0φ| ≤ 1,
and
∇2g0φ(∂s0, ∂s0) = ∂2s0φ.
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Moreover, whenever b is positive we have
∇2g0φ(X1/|X1|g0, X1/|X1|g0) =
bs0
b
s0√
1 + s20
.
From [DG19a][Corollary 3.2] we derive that the previous quantity is bounded away
from the origin. Since by the boundary conditions bs0(o) = 1 we may conclude that
the bound extends at the origin as well. Similar arguments work when evaluating the
Hessian of φ along X3. Therefore we have just shown that φ is a smooth distance-like
function on (R4, g0) in the sense of [CCG
+08][Lemma 12.30]. Namely, there exists
α > 0 such that
α−1(s0(p) + 1) ≤ φ(p) ≤ α(s0(p) + 1),
|∇g0φ| ≤ α,
∇2g0(φ) ≤ αg0.
Since bs0 ≥ 0 and cs0 ≥ 0, the same computations yield
∇2g0φ ≥ 0.
We may finally apply Proposition B.10 in [LZ16] to our setting, thus proving that the
power law decay of the curvature in (19) persists along the flow. 
A simple consequence of the power law decay being preserved along the Ricci flow
is the conservation of mass along the flow.
Corollary 3.2. Let (R4, g(t))t≥0 be the maximal Ricci flow solution starting at some
g0 ∈ GAF with positive mass mg0. Then mg(t) = mg0 for any t ≥ 0.
Proof. By Lemma 2.9 - and standard distortion estimates - we derive that the quantity
m−1g(t)
.
= lims0(p)→∞ c(p, t) is well defined for all t ≥ 0, where s0 is the g0-distance from
the origin. Suppose for a contradiction that there exists t1 > 0 such thatmg(t1) 6= mg0 .
By the Ricci flow equations and Lemma 3.1 we obtain
1
t1
∣∣∣∣log
(
c(p, t1)
c(p, 0)
)∣∣∣∣ ≤ α(t1)s2+ǫ0 (p) .
Once we let s0(p)→∞ we get a contradiction. 
Remark 3.3. A consequence of Corollary 3.2 is given by the fact that the size of the
Hopf-fiber stays uniformly bounded in the positive-mass case.
We may now focus on first order estimates. From the commutator formula we
derive the evolution equations for the first spatial derivatives:
(28) ∂tbs = ∆bs − 2bsbss
b
+
1
b2
(
bs
(
4− b2s − (csu−1)2 − 6u2
)
+ 4csu
)
and
(29) ∂tcs = ∆cs − 2cscss
c
+
1
b2
(
cs
(−6u2 − 2b2s)+ 8bsu3) .
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Similarly to the analysis in the finite-time case [DG19a], we show that the derivatives
stay uniformly bounded and that the flow becomes rotationally symmetric in space-
time regions where the orbits get degenerate.
In the following estimates α always denotes a uniform, space-time independent con-
stant that may change from line to line, unless otherwise stated.
Lemma 3.4. If (R4, g(t))t≥0 is the maximal Ricci flow solution evolving from some
g0 ∈ GAF, then the following conditions hold:
sup
R4×[0,+∞)
(bs + cs) <∞,(30)
sup
R4\{o}×[0,+∞)
1
c
(b2s − 4) <∞,(31)
sup
R4×[0,+∞)
1
c
(1− u) <∞,(32)
sup
R4×[0,+∞)
1
c
|cs − bsu| <∞.(33)
Proof. Estimate (30). Consider the upper bound for bs. Since bs(o , t) = 1 and by
Lemmas 2.4 and 3.1 we see that bs(s, t) converges to either 1 or 2 at infinity for
any t ≥ 0, we deduce that if bs attains a value α¯ > sup bs(·, 0), then there exists a
maximum point (p0, t0) among prior times where bs(p0, t0) = α¯ for the first time. We
can then argue as in [DG19a, Lemma 4.3]. The same argument works for cs as well.
Estimate (31). Set ϕ
.
= c−1(b2s − 4). From the boundary conditions we see that
ϕ diverges to minus infinity at the origin uniformly in time. On the other hand,
according to Lemmas 2.4 and 3.1 we also have that ϕ→ 0 at spatial infinity as long
as the solution exists. At any positive interior maximum point (p0, t0) we have
ϕt(p0, t0) ≤ 1
b2c
(−(csu−1)2 (b2s + 4)+ bscs (8u−1 + 8u− 2b2su−1))
+
1
b2c
(
8b2s − 2b4s − 10u2b2s − 8u2
)
.
Since b2s > 4 at any positive value of ϕ, we get
ϕt(p0, t0) ≤ 1
b2c
(−(csu−1)2 (b2s + 4)+ 8ubscs − 10u2b2s − 8u2) .
Being the cs-quadratic above always negative, we conclude that ϕ is uniformly bounded
from above in the space-time.
Estimate (32) We first prove that ψ
.
= c−1/2 − b−1/2 is uniformly bounded in the
space-time. Since the curvature is bounded, by (13) we see that b−1us = O(1) as s→ 0
uniformly in time. Therefore ψ(o , t) = 0 as long as the solution exists. Moreover,
from Lemma 3.1 we also derive that ψ is uniformly bounded at spatial infinity by the
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inverse of the size of the Hopf-fiber. At any interior maximum point (p0, t0) we have
ψt(p0, t0) ≤ 1
b
5
2
(
b2s
4
(
1−√u)+ u2 + u 32 − 2)
≤ 1
b
5
2
(
b2s
4
(
1−√u)− 2 (1−√u))
≤ 1
b
5
2
(
1−√u) (αc− 1) ,
where α > 0 is a uniform constant given by the estimate (31). Say that ψ(p0, t0) =M .
By choosing M large enough we can make c as small as we ask. Therefore, the right
hand side of the evolution equation becomes strictly negative, hence showing that
ψ is uniformly bounded in the space-time. We may now consider f
.
= c−1(1 − u).
Similarly to the case of ψ above, f is uniformly bounded both at the origin and at
spatial infinity. At any maximum point we have (see also [DG19a][Lemma 4.5])
ft ≤ 1
b3
(
b2s (1− u) + 2u+ 2u2 − 4
)
≤ 1
b3
(
(4 + αc) (1− u) + 2u+ 2u2 − 4)
≤ 1
b3
(−2u+ 2u2 + αc (1− u)) = cf
b3
(−2u+ αc) .
We have shown that u1/2 ≥ 1 − αc1/2. Therefore, if we pick the value attained by f
large enough, we see that (−2u+ αc)(p0, t0) ≤ −1. That completes the proof.
Estimate (33) Again cs/c− bs/b is uniformly bounded at the origin and at spatial
infinity. Once the quantity is controlled along the parabolic boundary of the space-
time, one can then argue as in [DG19a, Lemma 4.8]. 
Before we prove analogous second order estimates, we first show that in the cubic
volume growth case the spatial derivative cs decays at some specific rate in space-time
regions where u is small. We recall that for the Taub-NUT metric we have cs = u
2.
Lemma 3.5. Let (R4, g(t))t≥0 be the maximal Ricci flow starting at some g0 ∈ GAF
and let ǫ > 0 satisfy supR4(dg0(o, ·))2+ǫ|Rmg0|g0(·) < ∞. For any 1 < k < min{1 +
ǫ,
√
2} there exists α > 0 independent of k such that
sup
R4×[0,∞)
csu
−k < α.
Proof. From (10) and Lemma 3.1 we derive that for any t ≥ 0 there exists α = α(t)
such that
b2+ǫ
∣∣∣∣u2b2 − bscsbc
∣∣∣∣ ≤ α.
Since b is linear at infinity, we get that for s large
|csu−1|bǫ ≤ α + u2bǫ.
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Therefore, for any 1 < k < min{1 + ǫ,√2} we have
csu
−k ≤ 1
cǫ
(
α + u2bǫ
)
u1+ǫ−k ≤ α
cǫ
u1+ǫ−k + u3−k,
which is uniformly bounded at spatial infinity by Lemma 3.1. In particular, we see
that (csu
−k)(s, t) either converges to zero (in the cubic volume growth case) or to 1 (in
the Euclidean volume growth case) for any 1 < k < min{1+ǫ,√2}. By the boundary
conditions we derive that if csu
−k becomes unbounded as tր∞ then there exists a
sequence of maxima diverging. The evolution equation of csu
−k at a maximum point
is
∂t
(
csu
−k
) |max ≤ csu−k
b2
(
b2s(k
2 − 2)− 4k + u2(−6 + 4k) + (csu−1)2(k2 − 2k)
)
+
1
b2
(
csu
−k
(
bscsu
−1(−2k2 + 2k))+ 8u3−kbs)
≤ 1
b2
(−4k(csu−k) + α) < 1
b2
(−4(csu−k) + α) ,
where we have used that 1 < k <
√
2 and the estimate (30). We conclude that
for any k ∈ (1,min{1 + ǫ,√2}) the function csu−k admits a uniform upper bound
independent of k.

We may now show that the mixed sectional curvatures are controlled in space-time
regions where c stays positive. One can compute that
(k01)t = ∆k01 + 2k
2
01 + k01
(
8
b2
− 8u
2
b2
− 2c
2
s
c2
− 4b
2
s
b2
)
+ k03
(
4u2
b2
− 2bscs
bc
)
− 4c
2
s
b4
+
24bscsu
b4
− 2bsc
3
s
bc3
− 24b
2
su
2
b4
+
8b2s
b4
− 2b
4
s
b4
(34)
and
(k03)t = ∆k03 + 2k
2
03 − 4k03
(
b2s
b2
+
u2
b2
)
+ 4k01
(
2u2
b2
− bscs
bc
)
+
12c2s
b4
+
40b2su
2
b4
− 48bscsu
b4
− 4b
3
scs
b3c
.
(35)
Once we control the ratio u from below by cs, we can prove the following:
Lemma 3.6. If (R4, g(t))t≥0 is the maximal Ricci flow solution starting at some
g0 ∈ GAF, then
sup
R4×[0,+∞)
c2 (|k01|+ |k03|) <∞.
Proof. First, we prove that −bck01 = cbss has a uniform lower bound in the space-
time. In analogy with [IKSˇ19], we consider the quantity f
.
= cbss − 2b2s − c2s which
we see to be uniformly bounded at the origin and at spatial infinity by the boundary
conditions and Lemma 3.1 respectively. A long yet straightforward computation
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yields that whenever f attains some negative minimum value its evolution equation
becomes
∂tf |fmin<0 ≥ 2b2ss(2− u) + 2c2ss + css
(
4
u2
b
− 2bscs
c
− 4bscs
b
)
+
+
ubss
b
(
4− 3b2s − 8u2 − c2s + 2bscsu−1
(
1− 4u−1))
+
1
c2
(
2bsc
3
s + 4c
2
su
3(1 + 3u) + 4b2sc
2
s(1 + u
2)− 24bscsu4 + 2b4su2(2 + u)
)
+
1
c2
(
24b2su
4(1 + u)− 8b2su2(2 + u)− 8bscsu3(2 + 3u)
)
.
Since the first order spatial derivatives are uniformly bounded we may assume that
cbss < fmin/2 provided that |fmin| is large enough. By applying Cauchy-Schwarz to
the coefficients of css and again using (30) we get
∂tf |fmin<0 ≥ 2b2ss +
c2ss
2
+
ubss
b
(
4− 3b2s − 8u2 − c2s + 2bscsu−1
(
1− 4u−1))− α
c2
,
for some uniform constant α > 0. By the monotonicity of bs and cs we finally obtain
∂tf |fmin<0 ≥
1
c2
(
2(bssc)
2 + 4u2bssc− α
) ≥ 1
c2
(
f 2min
2
+ 4fmin − α
)
> 0,
for |fmin| large enough. The existence of a uniform upper bound for cbss follows from
the similar arguments.
We now show that −c2k03 = ccss has a uniform lower bound as long as the solution
exists. We proceed as before. We define h = ccss − 2c2s − b2s, which by the boundary
conditions and Lemma 3.1 is uniformly bounded at the origin and at spatial infinity.
Suppose that h attains a negative minimum. According to (30) we find that ccss ≤
hmin/2, whenever |hmin| is sufficiently large. At such point we can write the evolution
equation of h as
∂th|hmin<0 ≥
1
c2
(
2(ccss)
2 + αccss + 2b
2
ssc
2 − α|bssc| − α
)
,
where α is a uniform positive constant given by bs and cs being positive and bounded
along the flow - and by u being bounded by 1. Since we have just checked that |cbss|
is uniformly bounded, the right hand side is positive once we pick |hmin| and hence
|ccss| large enough. Analogously one may check that ccss is uniformly bounded from
above in the space-time. 
From the estimates (30) and (32) and the previous Lemma we deduce that the
curvature is uniformly controlled in time in regions where the orbits do not become
degenerate.
Corollary 3.7. If (R4, g(t))t≥0 is the maximal Ricci flow solution starting at some
g0 ∈ GAF, then
sup
R4×[0,+∞)
(
c2|Rmg(t)|g(t)
)
<∞.
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We dedicate the end of this section to proving that the spatial derivative bs has
a uniform lower bound in the space-time domain where the squashing factor u stays
positive. We start by showing that in the bounded Hopf-fiber setting bsu
−1 always
diverges when u−1, and hence b by (32), is large. This estimate will play a key role
in characterizing the possible infinite-time singularity models and turns out to be
satisfied by Ricci flows in Gk as well.
Lemma 3.8. Let (R4, g(t))t≥0 be the maximal Ricci flow solution starting at some
g0 ∈ GAF with bounded Hopf-fiber. There exist α, λ > 0 such that
bλ(bsu
−1 − log(b)) ≥ −α,
uniformly in the space-time.
Proof. We let χ
.
= bλ(bsu
−1− log(b)) be defined smoothly on R4 \ {o}× [0,+∞) and
we extend it continuously at the origin. From the boundary conditions and Lemma
3.1 we see that χ(o , t) = 0 and χ(s, t)→∞ as s→∞ for all positive times. Assume
that χ attains some large negative value at a minimum point (p0, t0) among prior
times. The evolution of χ at (p0, t0) becomes
∂tχ(p0, t0)|χmin<0 ≥
1
b2
(
χ
(
b2s(λ
2 + 4λ)− 2λbscsu−1 + 2λu2 − 4λ
)
+ 4csb
λ
)(36)
+
1
b2
(
bλbsu
−1(2b2s − 4bscsu−1 − 2u2) + bλ(4− 2u2 − 4b2s + 2bscsu−1)
)
(37)
Since |χmin| = bλ(log(b)− bsu−1) ≤ bλ log(b), we see that b can be taken as large as we
want once we pick |χmin| large. Similarly, at any negative minimum of χ the derivative
bs is small whenever the value of b is sufficiently large, being c uniformly bounded from
above. Thus, whenever |χmin| is large enough, we may write the evolution equation
of χ as
(38) ∂tχ(p0, t0)|χmin ≥
1
b2
(
λ|χmin|+ bλbsu−1(−4bscsu−1 − 2u2) + bλ
)
.
Finally, we note that according to Lemma 3.5 we can find k > 1 such that
4bλb2scsu
−2 ≤ 4αbλb2su−2+k ≤ αbλ(log(b))2uk,
where again we have used that χ(p0, t0) < 0. We may then choose λ ≤ 1 and conclude
that
∂tχ(p0, t0)|χmin<0 ≥
1
b2
(
λ|χmin|+ b
λ
2
)
> 0.

We now show that bs cannot become degenerate in space-time regions where the
quantity u is bounded away from zero. On the one hand this control is necessary
for the compactness result we rely on for proving that symmetries are preserved
on any pointed Cheeger-Gromov limit. On the other, we see that if we were in a
rotationally-symmetric setting, the solution would have positive asymptotic volume
ratio. The latter observation will be crucial when showing that any Ricci flow in GAF
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has curvature uniformly bounded in the space-time.
We recall that the mean curvature of the Euclidean 3-sphere S(o , z) with respect to
the solution g(t) is given by
H(z, t) =
(
2
bs
b
+
cs
c
)
(z, t).
Lemma 3.9. If (R4, g(t))t≥0 is the maximal Ricci flow solution starting at some
g0 ∈ GAF, then there exists β > 0 such that
inf
R4
(
bsu
−1
)
(·, t) ≥ β,
for all times t ≥ 1.
Proof. Case (i): Positive mass. We consider the maximal immortal Ricci flow solution
evolving from g0 for times t ≥ 1 so that bs(·, t) is positive everywhere by the strong
maximum principle (see Lemma 2.9). Given α, λ > 0 as in Lemma 3.8, we see that
bsu
−1 ≥ 1 in the time-dependent region V (t) = {p ∈ R4 : log(b(p, t))−α/bλ(p, t) ≥ 1}.
We note that since b is monotone we may identify V (t) with the complement of some
time-dependent Euclidean ball B(o , r(t)), with t 7→ r(t) a continuous function. From
the estimate (32) we derive that u(·, t) ≥ ε in B(o, r(t)) for all t ≥ 1 for some ε > 0,
being b(·, t) uniformly bounded in B(o , r(t)). In particular, we deduce that
cH(r(t), t) ≥ 2bsu(r(t), t) ≥ 2ε2 > 0,
for all t ≥ 1. Similarly, cH(o, t) = 3 for all times according to the boundary condi-
tions. Therefore, if cH attains some value ε˜ > 0 small enough in B(o, r(t)) for the
first time, then this must happen at an interior minimum point (p0, t0) and we have
∂t(cH)(p0, t0)|ε˜ ≥ 1
b2
(
2cH
(
u2 − b2s
)
+ 16bsu(1− u2)
)
.
Since u ≥ ε in B(o , r(t)), we see that if ε˜ is small enough, then bsu−1(p0, t0) ≤ 1,
which hence yields ∂t(cH)(p0, t0) > 0. We conclude that cH is uniformly bounded
from below in B(o , r(t)), for all times t ≥ 1. Since bsu−1 ≥ 1 in V (t), if the quantity
attains some value β sufficiently small for some time t1 > 1, then there exists an
interior minimum point (p0, t0) in B(o , r(t0)) among times t ∈ (1, t1]. The evolution
equation of bsu
−1 at such minimum point is
∂t (bsu
−1)(p0, t0) ≥ 1
b2
(
bsu
−1(2b2s − 4bscsu−1 − 2u2) + 4cs
)
.
From the estimate cH ≥ ε˜ we conclude that cs(p0, t0) ≥ ε˜/2 whenever β is small
enough. Therefore, the right hand side of the evolution equation is positive and
hence bsu
−1 ≥ β > 0 for all times t ≥ 1.
Case (ii): Zero mass. In this case cH(·, t) → 3 at spatial infinity as long as the
solution exists. Thus, we can argue as above using that u ≥ δ in the space-time, for
some δ > 0, as follows from (iii) in Lemma 2.9.

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4. The Ricci flow in Gk
In this section we extend the analysis of asymptotically flat warped Berger Ricci
flows to solutions in Gk. One of the main difficulty consists in controlling the flow
in the space-time region where the roundness ratio u is small. In the asymptotically
flat case the stronger than quadratic decay of the curvature determines the behaviour
of the warping coefficients at spatial infinity precisely. Once such decay is preserved
along the flow, one can then rely on maximum principle arguments to derive time-
independent bounds. On the contrary, for the case of Gk some extra work is needed to
control the solution along the parabolic boundary of the space-time and hence ensure
that the condition of opening faster than a paraboloid is indeed preserved.
First, we note that one can argue as in Lemma 3.1 to prove that the power law
decay of the curvature in Gk persists along the solution.
Lemma 4.1. Let (R4, g(t))t≥0 be the maximal Ricci flow solution starting at some
g0 ∈ Gk. For any T ′ <∞ there exists αT ′ > 0 such that
sup
p∈R4
(dg0(o, p))
2
k+1 |Rmg(t)|g(t)(p) ≤ αT ′,
for all t ∈ [0, T ′].
As a simple consequence of Lemma 4.1 we derive that the volume growth rate of
metrics in Gk is preserved along the solution as well as a conservation mass principle.
We recall that given g ∈ Gk we call mass (of g) the quantity (lims→∞ c(s))−1 and we
denote such positive finite number by mg.
Corollary 4.2. Let (R4, g(t))t≥0 be the maximal Ricci flow solution starting at some
g0 ∈ Gk. For any t ≥ 0 there exist B(t) > β(t) > 0 such that
β(t)s
1
k+1
0 ≤ b(s0, t) ≤ B(t)s
1
k+1
0 .
Moreover, we have mg(t) = mg0 for all t ≥ 0.
Proof. Suppose for a contradiction that there exist a sequence pj and t0 such that
s0(pj)→∞ and b(pj, t0)(s0(pj))−
1
k+1 → 0. Then, from the decay of the curvature we
get
log
(
b(pj ,t0)
b(pj ,0)
)
t0
≤ αt0s
− 2
k+1
0 .
Since by integrating (20) we see that b(s0, 0) ≥ β0s
1
k+1
0 for s0 large enough, the
contradiction follows. Similar arguments work for the upper bound while for the
conservation of mass the proof is the same as in the asymptotically flat case (see
Lemma 3.2). 
Remark 4.3. We point out that according to Lemma 4.1 and Corollary 4.2 we deduce
that for any t ≥ 0 there exists some positive constant α(t) such that b2|Rm|(·, t) ≤ α(t)
on the time-slice R4 × {t}.
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Next, we show that the first order derivatives are uniformly bounded in the space-
time. Since we cannot a priori control the behaviour of bs at spatial infinity on any
time-slice, the proof requires an extra step when compared to its asymptotically flat
counterpart. We recall that by Lemma 2.9 the derivatives bs and cs are positive as
soon as the flow starts.
Lemma 4.4. Let (R4, g(t))t≥0 be the maximal Ricci flow solution starting at some
g0 ∈ Gk. Then
sup
R4×[0,∞)
(bs + cs) <∞.
Proof. Since by Lemmas 2.9 and 4.2 c is uniformly bounded and spatially increasing,
we see that cs(·, t) is integrable for all t ≥ 0. Moreover, from (12) we derive that
|css| ≤ α(t)c(s, t) ≤ α(t)m−1g0 in the space-time being the flow smooth for all positive
times. Therefore cs(s, t) → 0 as s → ∞ for all t ≥ 0. We can then argue exactly as
in [DG19a, Lemma 4.3] to prove that cs is uniformly bounded.
For what concerns bs, we note that the evolution equation (28) can be written as
∂t bs = ∆bs +
1
b2
(
bs(4− b2s − (csu−1)2 − 6u2 − 2bssb) + 4csu
)
.
From the boundary conditions and the curvature being bounded we derive that given
t0 > 0 there exist rt0 and αt0 positive such that
∂t bs ≤ ∆bs + αt0 ,
in Bg0(o , rt0)× [0, t0]. Since the curvature is uniformly bounded for all times in [0, t0],
in the complement region R4 \ Bg0(o, rt0) × [0, t0] we can rely on [DG19a, Corollary
3.2, Lemma 3.4] to bound the evolution equation of bs by
∂t bs ≤ ∆bs + 1
b2
(4bs + 4csu)− 2bsbss
b
≤ ∆bs + αt0
b
− 2bsbss
b
≤ ∆bs + αt0
b
+ αt0bs,
where we have also used that |k01| is uniformly bounded for 0 ≤ t ≤ t0. Finally,
since b is monotone and the flow is smooth we can combine the estimates in the two
space-time regions and conclude that there exists αt0 > 0 such that
∂t bs ≤ ∆bs + αt0(1 + bs),
in R4 × [0, t0]. Thus, since bs is exponentially bounded as we derive from |k01| being
bounded, we may apply the maximum principle in [CCG+08, Theorem 12.14] to
deduce that for any t0 > 0 there exists At0 > 0 such that
bs(·, t) ≤ sup
R4
bs(·, 0) + At0
in R4 × [0, t0]. From Shi’s derivative estimates [CCG+08, Theorem 14.13] and the
decay of the curvature in Lemma 4.1 it follows that |∇Rm|(s0, t) = O(s−2/k+10 ) for all
t > 0. Therefore, from the commutator formula we get
|∂t bs| = |∂s(−Ric11b) + Ricssbs| ≤ α (|∇Rm|b+ |Rm|bs) .
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Since we have previously shown that bs(·, t) is bounded on any time-slice we may
apply Corollary 4.2 and derive that for any T ′ > 1 there exists αT ′ such that
|∂t bs| ≤ αT ′(s0 + 1)−
1
k+1 ,
in R4 × [1, T ′]. Therefore we have proved that for any ε > 0 and for any t > 1 there
exists r(t, ε) such that
bs(s0, t) ≤ ( sup
R4×[0,1]
bs) + ε,
whenever s0 ≥ r(t, ε). Once we know that bs is uniformly bounded at spatial-infinity
on any time-slice we can rely on the same argument in [DG19a, Lemma 4.3] to prove
that in fact bs is uniformly bounded everywhere in the space-time. 
Thanks to Corollary 4.2 and Lemma 4.4 we can immediately extend the rotational
symmetry type of bounds to Ricci flow solutions starting in Gk. Namely, we have:
Corollary 4.5. If (R4, g(t))t≥0 is the maximal Ricci flow solution evolving from some
g0 ∈ Gk, then the following conditions hold:
sup
R4\{o}×[0,+∞)
1
c
(b2s − 4) <∞,
sup
R4×[0,+∞)
1
c
(1− u) <∞,
sup
R4×[0,+∞)
1
c
|cs − ubs| <∞.
Similarly, the decay of the curvature being preserved as in Lemma 4.1 and the
control on the asymptotic behaviour of the warping coefficients as in Corollary 4.2
ensure that second order estimates analogous to the asymptotically flat case still
hold for Ricci flows evolving from initial data in Gk. For example, since bss/b =
O(s−2/k+10 ) we see that bssc decays as s−1/k+10 and one can hence apply maximum
principle arguments as in Lemma 3.6 once we know that the first order derivatives
are uniformly bounded. In particular, the curvature of the solution is again controlled
by the size of the Hopf-fiber:
Corollary 4.6. If (R4, g(t))t≥0 is the maximal Ricci flow solution starting at some
g0 ∈ Gk, then
sup
R4×[0,+∞)
(
c2|Rmg(t)|g(t)
)
<∞.
Next, we prove that for Ricci flows starting in Gk the quantity bsu−1 is controlled
from below in any region where u becomes degenerate exactly as for the asymptotically
flat case. If a Ricci flow solution in Gk has curvature bounded uniformly in time,
then such estimate implies that any infinite-time singularity model must open up
along the S2-direction faster than a paraboloid in R3. However, differently from the
asymptotically flat case, for solutions in Gk we need a preliminary bound to make
sure that bsu
−1 does indeed diverge at spatial infinity on any time-slice.
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Lemma 4.7. Let (R4, g(t))t≥0 be the maximal Ricci flow solution starting at some
g0 ∈ Gk and let k < k¯ < 1 and δ ∈ (0, 1 − k¯). For any t ≥ 0 there exists α(t) > 0
such that:
u−δ
(
bsu
−k¯ − 1
)
≥ −α(t) > −∞.
Proof. We set Fk¯,δ
.
= u−δ(bsu
−k¯ − 1). By the boundary conditions we see that
Fk¯,δ(o , t) = 0 for all t ≥ 0. Moreover, from the definition of Gk it follows that
Fk¯,δ(s0, 0) → ∞ as s0 → ∞, meaning that inf Fk¯,δ(·, 0) > −∞. We now argue as for
the proof of Lemma 4.4. First, the evolution equation of Fk¯,δ is given by
∂tFk¯,δ = ∆Fk¯,δ − 2δu−δ
(
bs
b
− cs
c
)(
bssu
−k¯ + k¯bsu
−k¯
(
bs
b
− cs
c
))
+ u−δ
(
−2(k¯ + 1)bsbssu
−k¯
b
+ 2k¯
csbssu
−k¯
c
)
+
u−δ−k¯
b2
(
bs
(
4(1− k¯)− (1 + k¯2)(b2s +
(cs
u
)2
) + 2k¯2bs
cs
u
+ u2(4k¯ − 6)
)
+ 4csu
)
+
Fk¯,δ
b2
(−δ2(bs − csu−1)2 − 4δ(1− u2)) .
Since the curvature is bounded, from the boundary conditions one can check that for
any t0 > 0 there exists rt0 > 0 and αt0 > 0 such that
∂tFk¯,δ ≥ ∆Fk¯,δ − αt0 ,
in Bg0(o , rt0) × [0, t0]. For analysing the terms in the evolution equation for radii
larger than rt0 we first note that by Corollary 4.2
(39)
u−δ−k¯
b
= O
(
s
− 1
k+1
(1−δ−k¯)
0
)
,
which hence decays at spatial infinity on any time-slice because k¯ + δ < 1. From
(39) and Lemma 4.1 we derive that u−k¯−δ|bss| decays at spatial infinity as long as the
solution exists. Since by Lemma 4.4 the first derivatives bs and cs are bounded, we
find that all the second order terms in the evolution equation of Fk¯,δ decay to zero
at the rate given in (39) for all t ≥ 0. Similarly, from Lemma 4.1 and Corollary 4.2
we see that b2|Rm|(·, t) is bounded on any time-slice, meaning that |bscsu−1| ≤ α(t).
Thus any term of the form bscsu
−k¯−δ decays at the same rate given by (39). To sum
up, in the region R4 \Bg0(o , rt0)× [0, t0] we can then write the evolution equation of
Fk¯,δ as
∂tFk¯,δ ≥ ∆Fk¯,δ − αt0 +
Fk¯,δ
b2
(−δ2(bs − csu−1)2 − 4δ(1− u2)) ,
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for some αt0 . Finally, we note that
Fk¯,δ
b2
(−δ2(bs − csu−1)2 − 4δ(1− u2)) ≥ bsu−k¯−δ
b2
(−δ2(bs − csu−1)2 − 4δ(1− u2))
≥ bsu
−k¯−δ
b2
(−δ2(b2s + (csu−1)2)− 4δ)) ,
and the last terms are again bounded away from the origin on any time-slice as
observed above. Therefore, for any t0 > 0 there exists αt0 > 0 such that
∂tFk¯,δ ≥ ∆Fk¯,δ − αt0 .
From the maximum principle [CCG+08, Theorem 12.14] we conclude that
Fk¯,δ(·, t) ≥ inf
R4
Fk¯,δ(·, 0)− α(t) > −∞,
for all positive times. 
We finally need to check that the spatial derivative cs decays at some rate in any
space-time region where u is small.
Lemma 4.8. Let (R4, g(t)) be the maximal Ricci flow solution evolving from some
g0 ∈ Gk. For any kˆ ∈ (k, 1) we have
sup
R4×[0,∞)
(
csu
−1+kˆ
)
<∞.
Proof. Given kˆ > k, let k¯ ∈ (k, kˆ) and δ be defined so that Lemma 4.7 holds. As
observed in Remark 4.3, from (9) we see that for any t ≥ 0 there exists A(t) > 0 such
that |bscsu−1| ≤ A(t). Thus, by Lemma 4.7 we get
A(t) ≥ |bscsu−1| ≥
∣∣∣cs(−α(t)uδ + 1)u−1+k¯∣∣∣ .
Therefore, we find that lims0→∞(csu
−1+kˆ)(s0, t) = 0 for all t ≥ 0. The evolution
equation of csu
−kˆ at any positive maximum is given by
∂t
(
csu
−kˆ
)
|max ≤ csu
−kˆ
b2
(
b2s(kˆ
2 − 2)− 4kˆ + u2(−6 + 4kˆ) + (csu−1)2(kˆ2 − 2kˆ)
)
+
1
b2
(
csu
−kˆ
(
bscsu
−1(−2kˆ2 + 2kˆ)
)
+ 8u3−kˆbs
)
Since kˆ < 1 and bs is uniformly bounded by Lemma 4.4, we get
∂t
(
csu
−kˆ
)
|max ≤ 1
b2
(
csu
−kˆ
(
−4kˆ + (csu−1)2(kˆ2 − 2kˆ) + bscsu−1(−2kˆ2 + 2kˆ)
)
+ α
)
.
Finally, if the value of the maximum is large enough, then we find that
(csu
−1)2(kˆ2 − 2kˆ) + bscsu−1(−2kˆ2 + 2kˆ) ≤ kˆcsu−1(−csu−1 + 2bs) < 0.
Thus, we have shown that ∂t(csu
−kˆ) < 0 at any maximum value large enough. That
completes the proof. 
CONVERGENCE OF RICCI FLOW SOLUTIONS TO TAUB-NUT 29
We may now complete the section by noting that, as in the asymptotically flat
case, for any Ricci flow in Gk the warping coefficient in the directions orthogonal to
the Hopf-fiber grows faster than a paraboloid in R3.
Lemma 4.9. Let (R4, g(t))t≥0 be the maximal Ricci flow solution starting at some
g0 ∈ Gk. There exist α, λ > 0 such that
bλ(bsu
−1 − log(b)) ≥ −α,
uniformly in the space-time. Moreover, there exists β > 0 such that
inf
R4
(
bsu
−1
)
(·, t) ≥ β,
for all times t ≥ 1.
Proof. Given χ
.
= bλ(bsu
−1 − log(b)), we note that χ vanishes at the origin for all
times and that, according to Lemma 4.7, χ(s0, t) → ∞ as s0 → ∞ for all positive
times. Thus we can consider the evolution equation of χ at some negative minimum
point (p0, t0) and arguing as in the proof of Lemma 3.8 for the asymptotically flat
setting, we deduce that whenever |χmin| is large enough, then the evolution equation
of χ satisfies (38). Namely, we have
∂tχ(p0, t0)|χmin ≥
1
b2
(
λ|χmin|+ bλbsu−1(−4bscsu−1 − 2u2) + bλ
)
From χ(p0, t0) < 0 we derive
bλ(1− 4b2scsu−2) ≥ bλ(1− 4(log(b))2cs).
If we pick kˆ ∈ (k, 1) and αkˆ so that Lemma 4.8 holds, then the last term can be
bounded as:
bλ(1− 4(log(b))2cs) ≥ bλ(1− 4αkˆ(log(b))2u1−kˆ),
which is positive whenever |χmin| and hence u−1 are large enough. Therefore, if we
let λ ≤ 1, then we obtain:
∂tχ(p0, t0)|χmin > 0.
Once we know that χ is uniformly bounded from below in the space-time, one can
argue exactly as in the positive mass-case of Lemma 3.9. 
5. Compactness of warped Berger Ricci flows
In this section we show that a class of complete, bounded curvature warped Berger
Ricci flows with monotone coefficients is compact under the pointed Cheeger-Gromov
topology. The main step in the argument consists in proving that the Killing vectors
generating the SU(2)U(1) symmetry pass to the limit without becoming degenerate.
Once we know that the Cheeger-Gromov limit is a warped Berger Ricci flow, the
control on the curvature and the monotonicity conditions allow us to prove smooth
convergence of the warping functions b and c up to diffeomorphisms. The next result
plays a central role in the convergence argument because it allows to work directly
at the level of the metric coefficients. In particular, this will be of importance when
classifying ancient solutions to the Ricci flow because whenever the compactness result
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holds one can always apply maximum principle arguments to geometric quantities by
passing to pointed Cheeger-Gromov limits where critical values are indeed achieved
in the space-time.
Proposition 5.1. Let (R4, gj(t), pj)t∈I be a sequence of pointed complete warped
Berger solutions to the Ricci flow with monotone coefficients defined on I ∋ 0. If
sup
j
(
sup
R4×I
|Rmgj(t)|gj(t)
)
<∞,(40)
sup
j
(
sup
R4×I
(bj)s + (cj)s
)
<∞,(41)
lim inf
j→∞
(bj(pj, 0)) + lim inf
j→∞
((bj)s(pj , 0)) > 0,(42)
lim sup
j→∞
(bj(pj , 0)) <∞,(43)
lim inf
j→∞
(uj(pj , 0)) > 0,(44)
then (R4, gj(t), pj) subsequentially converges in the pointed Cheeger-Gromov sense to
a complete SU(2)U(1) invariant Ricci flow solution (M∞, g∞(t), p∞)t∈I satisfying:
(i) M∞ = R
4 or M∞ = R× S3.
(ii) There exist warping coefficients ξ∞, b∞, c∞ such that g∞(t) can be written as
g∞(t) = ξ∞(x∞, t)dx
2
∞ + b
2
∞(x∞, t) (σ
2
1 + σ
2
2) + c
2
∞(x∞, t) σ
2
3,
where x∞(·) = dg∞(0)(o∞, ·) if M∞ = R4, and x∞(·) = dg∞(0)(Σp∞ , ·), with
Σp∞ the principal orbit passing through p∞, if M∞ = R× S3.
(iii) There exist radial functions sj such that ξj(sj, t), bj(sj , t), cj(sj , t) converge
smoothly on compact sets to ξ∞(x∞, t), b∞(x∞, t), c∞(x∞, t) respectively.
Remark on the assumptions. The uniform bound on the curvature and the mono-
tonicity of the coefficients guarantee that Hamilton’s compactness result can be ap-
plied to the sequence of solutions. The control on the first order derivatives along with
(43) ensure that the Killing vectors are bounded in any geodesic ball. Proposition 5.1
has a counterpart for warped Berger Ricci flows on the blow up of C2/Zk satisfying
a few first and second-order estimates [App19]. However, for the topologies analysed
in [App19] the compactness property for complete solutions is formulated in the case
where the Ricci flows are κ-non-collapsed at some sequence of scales diverging to in-
finity so that the resulting limit is κ-non-collapsed (for all scales) [App19, Corollary
8.2]. Such assumption is natural when studying finite-time singularity models for
the Ricci flow, which arise via a blow-up procedure. In fact, Perelman proved that
any finite-time singularity model of the Ricci flow is κ-non-collapsed. On the other
hand, this assumption is not available in our setting for we are interested in proving
long-time convergence of the Ricci flow to infinite-time singularity models which are,
in the case of the Taub-NUT metric, collapsed for some sufficiently large scale. The
latter represents a key difference and accounts for the conditions (42) and (44), which
ensure that the Killing vectors do not become degenerate when passing to the limit.
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Remark 5.2. We point out that the structure of the proof below mainly follows from
adapting the analysis in Section 5 of [DG19a] and especially the analogous local result
in [App19]. Since the compactness property derived in [App19] relies on a different set
of assumptions and works on the topology of the blow-up of C2/Zk, we still present
a full argument in detail.
Proof. First, we recall that the monotonicity of the warping functions implies that
(R4, gj(0)) does not have closed geodesics. Since the curvature is uniformly bounded,
we see that infj inj(gj(0)) > 0 and we may then apply Hamilton’s compactness the-
orem and extract a subsequence converging in the pointed Cheeger-Gromov sense to
a Ricci flow solution (M∞, g∞(t), p∞)t∈I .
In the following we denote by Φj the diffeomorphisms given by the Cheeger-Gromov
convergence. We also observe that by (43) we can rely on the same argument in
[DG19b][Lemma 4.1] to prove that the limit manifold is simply connected.
Consider the Killing vector fields {Y1, Y2, Y3, X3} generating the SU(2)U(1) symme-
tries. Since we have
c2j (·, t)gS3 ≤ b2j (·, t)(σ21 + σ22) + c2j(·, t)σ23 ≤ b2j (·, t)gS3,
with gS3 the bi-invariant constant curvature 1 metric on the 3-sphere, and {Yi} are
orthonormal with respect to gS3 , we deduce that
(45) cj(·, t) ≤ |Yi|j(·, t) ≤ bj(·, t),
for all t ∈ I and for i = 1, 2, 3. Let ν > 0 and q ∈ Bgj(0)(pj , ν). From the conditions
(41) and (43) we derive that there exists α > 0 such that
bj(q, 0) ≤ bj(pj , 0) +
(
sup
Bgj (0)(pj ,ν)
(bj)s
)
ν ≤ α(1 + ν).
We may then extend such bounds to other times by using (40), for given t ∈ I we
have
|∂t log bj |(·, t)|≤ |Ricj|j(·, t) ≤ α.
Therefore, for any ν > 0 and t ∈ I there exists a constant α = α(t, ν) such that
(46) sup
Bgj (0)(pj ,ν)
|Yi|j(·, t) ≤ α(t, ν),
for all i = 1, 2, 3. The Killing equation also implies
|∇2jYi|j(·, t) ≤ α|Yi|j|Rmj |j(·, t),
for all times t ∈ I. By the Cheeger-Gromov convergence we deduce that, up to
passing to a subsequence, there exist C1-limits {Yi,∞} defined on Bg∞(0)(p∞, 1). The
C1-convergence implies that {Yi,∞} are g∞(t)-Killing vector fields. We may then
proceed as in [DG19a][Lemma 5.8] to derive that {Yi,∞} extend to smooth Killing
vectors on M∞. Similar conclusions apply to X3, which converges to a g∞(t)-Killing
vector X3,∞ up to pulling back by Φj .
We now show that the Killing vectors are not degenerate. Namely, we have
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Claim 5.3. SU(2) acts on (M∞, g∞(t)) with cohomogeneity-1.
Proof of Claim 5.3. We first show that the limit Killing vectors are not trivial.
If there exists ε > 0 such that cj(pj, 0) ≥ ε along a subsequence, then from (45) we
see that Yi,∞ do not vanish at p∞.
We may then assume that cj(pj , 0)→ 0. According to (44) we also have bj(pj, 0)→
0. Therefore, from (42) it follows that (bj)s(pj, 0) ≥ 2β > 0, for some constant β
independent of j. Since the curvature is uniformly bounded we see that |(bj)ss|(·, t) ≤
α, which implies (bj)s(·, 0) ≥ β in Bgj(0)(pj, r) for some r small enough. Similarly,
by (13) and (44) we get that uj(·, 0) is uniformly bounded from below in Bgj(0)(pj , r˜)
for some radius sufficiently small. We can then pick rˆ = min{r, r˜} and conclude that
there exist points qj ∈ Bgj(0)(pj, rˆ) such that cj(qj, 0) admits a positive lower bound.
Therefore we find q∞ ∈ Bg∞(0)(p∞, rˆ) such that Yi,∞ are not trivial at q∞.
Once we know that {Yi,∞} are non-trivial, we may deduce that there exists a
non-degenerate copy of su[2] in the Lie algebra of Killing vector fields iso(M∞, g∞(t))
because the Lie brackets pass to the limit. Since the limit is complete we can integrate
the Lie algebra action and obtain that SU(2) acts on (M∞, g∞(t)). Consider q ∈M∞
such that Yi,∞ do not vanish at q. Suppose that there exist coefficients αi such that
the vector Y∞ =
∑
i αiYi,∞ vanishes at q. A diagonal argument yields
0 = |Y∞|2g∞(0)(q) = limj→∞
∣∣∣∣∣
∑
i
αiYi
∣∣∣∣∣
2
gj(0)
(Φj(q)).
As observed above, for any spherical vector field Y we have |Y |gj(0)(p) ≥ cj(p, 0)|Y |gS3 .
Since the right-invariant vector field Yi are orthonormal with respect to the round
metric on the 3-sphere and cj(Φj(q), 0) is bounded away from zero being the Killing
vectors Yi,∞ non-trivial at q, we conclude that the limit above is zero if and only if
αi = 0. Thus, there exists an SU(2)-orbit of codimension 1, which is exactly the
claim. 
Since the limit manifold M∞ is non-compact and simply connected, from the coho-
mogeneity 1 SU(2) action we derive that either M∞ is foliated by principal orbits, in
this caseM∞ = R×S3, or there exists a singular orbit Σsing. From now on we assume
that the action admits a singular orbit for the case of the cylinder can be dealt with
similarly. As discussed in Section 2.1, we can diagonalize the Ricci flow limit and use
the extra-degree of symmetry provided by the Killing vector field X3,∞ to write the
solution as
g∞(t) = ξ∞(x∞, t)dx
2
∞ + b
2
∞(x∞, t) (σ1 ⊗ σ1 + σ2 ⊗ σ2) + c2∞(x∞, t) σ3 ⊗ σ3,
where {σi} is the coframe dual to the Milnor frame {Xi,∞} of left-invariant vectors
induced by the right-invariant Killing vectors {Yi,∞}, while x∞(·) = dg∞(0)(Σsing, ·).
In particular, we have c∞ = |X3,∞|∞ in the space-time. Thus cj → c∞ on compact
sets and one obtain an analogous conclusion for bj → b∞ once the points pj are chosen
of the form ((s0)j, e), with e the identity in SU(2).
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Let z∞ ∈ Σsing and let zj = Φj(z∞). If, for a contradiction, there exists ε > 0 such
that dgj(0)(o , zj) ≥ 2ε, then we could find points z˜j satisfying dgj(0)(zj, z˜j) = ε with
cj(z˜j, 0) ≤ cj(zj, 0). Then by the monotonicity of the warping coefficients it follows
that on M∞ there exists a point z˜∞ ∈ Sg∞(0)(Σsing, ε) such that c∞(z˜∞, 0) ≤ 0, which
is a contradiction. Thus both b∞ and c∞ vanish at Σsing, meaning that M∞ = R
4 and
hence Σsing = o∞. From the same argument we deduce that the radial coordinates
sj(·) .= dgj(0)(o ,Φj(·)).
converge to x∞ in C
0 on compact sets.
We know that bj and cj converge to b∞ and c∞ respectively in C
0 on compact sets.
Consider 0 < δ < D. Once again by (41) we see that bj(·, 0) is uniformly bounded
from above on Bgj(0)(o , D). The cohomogeneity-1 action implies that b∞ is bounded
away from zero in Bg∞(0)(o∞, D) \Bg∞(0)(o∞, δ) thus yielding
inf
Bgj (0)(o,D)\Bgj (0)(o,δ)
bj(·, 0) ≥ α(δ,D) > 0.
A similar estimate holds for cj as well. The latter bounds, along with (40) and Shi’s
derivative estimates yield
sup
Bg∞(0)(o∞,D)\Bg∞(0)(o∞,δ)
∣∣∇kg∞(0)sj∣∣ ≤ α(k, δ,D) <∞,
for any positive integer k. Therefore sj → x∞ smoothly on compact sets away from
the origin. By a similar argument the C0-convergence of cj ◦ sj to c∞ and bj ◦ sj to
b∞ respectively are in fact smooth on compact sets away from the origin. One can
finally check that ξj ◦ sj converges smoothly on compact sets away from the origin to
ξ∞ = |∂x∞|g∞. The boundary conditions at the origin and the uniform bounds on the
curvature allow to extend the convergence at the singular orbit o∞ as well. 
Remark 5.4. According to the compactness property, whenever a family of warped
Berger Ricci flows satisfies the assumptions as in the statement, then the pointed
Cheeger-Gromov limit is attained by parametrizing the radial distance function.
We dedicate the end of this section to proving that as a consequence of the rota-
tional symmetry type of estimates in Lemma 3.4, Corollary 4.5, the scale-invariant
lower bounds for the spatial derivative bs in Lemmas 3.9, 4.9 and the compactness
result in Proposition 5.1 any Ricci flow solution considered so far has curvature uni-
formly bounded in the space-time.
Proposition 5.5. If (R4, g(t))t≥0 is the maximal Ricci flow solution evolving from
some g0 belonging to either Gk or GAF, then
lim sup
tր∞
(
sup
R4
|Rmg(t)|g(t)
)
<∞.
Proof. In the following we provide the details for the case g0 ∈ Gk. The proof in
the asymptotically flat setting only requires to replace the analysis of Section 4 with
its counterpart in Section 3. Assume for a contradiction that the curvature be-
comes unbounded. The solution then develops a Type-II(b) singularity. Following
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[CK04][Chapter 8] we deduce that there exists a space-time sequence (pj , tj), with
tj → ∞, such that for all ε > 0 the Ricci flows gj(t) .= λjg(tj + λ−1j t), where
λj = |Rm|(pj, tj), satisfy
(47) sup
R4×I
|Rmgj(t)|gj(t) ≤ 1 + ε,
for all j ≥ j0(ε, I), with I some interval. In particular, if the curvature diverges
along some sequence of times, then we can choose space time points (pj , tj) such that
λj ր∞. We now check that we can apply the compactness result to the sequence of
Ricci flows on a given interval I ∋ 0.
By Lemma 2.9 the sequence of solutions has monotone coefficients. From (47) and
Lemma 4.4 we also see that (40) and (41) respectively are satisfied. From Corollary
4.6 it follows that c(pj , tj) → 0 because λj → ∞. Thus, we can use Corollary 4.5 to
deduce that b(pj, tj)→ 0 and hence that
b2j (pj, 0) = λjb
2(pj , tj) = λjc
2(pj , tj)u
−2(pj, tj) ≤ α(1 + αb)2(pj, tj) ≤ α,
for some α > 0. Since the roundness ratio is scale invariant and c(pj , tj) is converging
to zero, we can again apply Corollary 4.5 to derive that u(pj, tj)→ 1. Finally, Lemma
4.9 implies that bs(pj, tj) ≥ β/2 for j large enough.
Therefore, the assumptions in Proposition 5.1 are satisfied and we can hence apply
a diagonal argument and pick a subsequence converging to an ancient Ricci flow
solution (M∞, g∞(t), p∞)t≤0 of the form
g∞(t) = ξ∞(x∞, t)dx
2
∞ + b
2
∞(x∞, t) (σ1 ⊗ σ1 + σ2 ⊗ σ2) + c2∞(x∞, t) σ3 ⊗ σ3.
The convergence of the warping coefficients and Corollary 4.5 yield:
1
c∞
(1− u∞) (q, t) = lim
j→∞
1
cj
(1− uj) (sj(q), t)
= lim
j→∞
1√
λjc
(1− u) (sj(q), tj + λ−1j t) ≤ lim
j→∞
α√
λj
= 0,
for any q ∈ M∞ and t ≤ 0. Therefore (M∞, g∞(t)) is a κ-non collapsed - being the
limit of a blow-up sequence - rotationally symmetric ancient solution to the Ricci flow
and hence a κ-solution by [Zha08]. In particular, from Lemma 4.9 we get
(b∞)s(q, t) = lim
j→∞
(bsu
−1)(sj(q), tj + λ
−1
j t) ≥ β > 0,
where we have used that by the rotational symmetry of the limit the scale-invariant
quantity u(sj(·), t) is converging to 1. We conclude that the limit ancient Ricci flow
is a non-compact κ-solution with positive asymptotic volume ratio. A rigidity result
of Perelman [Per02, Proposition 11.4] implies that g∞(t) needs to be flat, which
contradicts the choice of the factors λj .

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6. Ancient solutions opening faster than a paraboloid
In this section we prove that the only complete warped Berger ancient solution
with monotone coefficients, curvature uniformly bounded in the space-time, bounded
Hopf-fiber and opening faster than a paraboloid in the directions orthogonal to the
Hopf-fiber is the Taub-NUT metric. The main idea consists in showing that for
any ancient solution belonging to the class just described the warping coefficient b is
actually a linear function of the distance in any region where the squashing factor u is
small. In other words, the ancient solution behaves exactly as the Taub-NUT metric
along the S2-directions whenever b is large. Once such control is available, one can
consider scale-invariant first-order quantities derived from the hyperka¨hler odes (16),
(17), and prove that they have a sign on the ancient solution, the aim being to finally
show that (17) is in fact satisfied in the space-time.
It is worth outlining a strategy we often use in the following which was adopted in
[App19] to prove a uniqueness result for the Eguchi-Hanson metric, with a substantial
difference given by the assumption of κ-non-collapsedness as we describe below.
Suppose that we are given a geometric scale-invariant quantity L and that we want
to prove that L ≥ 0 in the space-time R4×(−∞, 0]. Once we know that L is uniformly
bounded and that, say, ∂tL > 0 at any negative minimum, one might try to apply
a maximum principle argument to the evolution equation of L. In general though,
the infimum of L may not be achieved. In this case, one could consider a space-time
sequence (pj, tj) such that L(pj, tj) → inf L < 0 and define the Ricci flow sequence
gj(t) = g(tj + t), centred at pj. If the compactness result in Proposition 5.1 holds,
then on the limit ancient Ricci flow the analogous quantity L∞ achieves its (negative)
infimum in the space-time, thus allowing to rely on maximum principle arguments to
obtain the contradiction.
This is exactly the strategy used in [App19]. Since in [App19] the ancient solutions
analysed are all non-collapsed, the roundness ratio is a priori controlled from below
away from the singular orbit uniformly in time and hence the compactness property
can be applied for any sequence of Ricci flows as above. On the contrary, in our
collapsed setting we always need to verify that the squashing factor u stays away
from zero along the space-time sequence (pj, tj) used to approximate the infimum of
L so that the compactness result can indeed be used.
The latter represents the main difficulty when analysing the collapsed case and the
requirement on the ancient solution to open up faster than a paraboloid along the S2-
directions allows us to bypass this issue. In fact, the application of the compactness
result in Proposition 5.1 yields that for any ancient solution opening faster than a
paraboloid the hyperka¨hler quantity J2 given in (17) is nonnegative. On the gradient
steady soliton found by Appleton instead we find that J2 approaches its infimum
-2 at spatial infinity on any time-slice, thus along space-time sequences where the
squashing factor u become degenerate.
In order to ease the notations, we give the following:
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Definition 6.1. Let m > 0. The class A consists of all complete, warped Berger
ancient solutions to the Ricci flow with monotone coefficients and curvature uniformly
bounded in the space-time, satisfying
inf
R4×(−∞,0]
bsu
−1
f(u−1)
> 0,(48)
sup
R4×(−∞,0]
c = m−1,(49)
for some continuous positive function f such that f(z)→∞ as z →∞.
Remark 6.2. We again point out that (48) means that the warping coefficient b opens
faster than a paraboloid in R3 on any time-slice. In particular, the volume of geodesic
balls Bg(t)(o, r) grows faster than r
2. However, a priori there is no upper bound for
the volume growth.
We start by proving that the first order derivatives are uniformly bounded. In
fact, from the following estimate we also derive that cs decays at some rate in any
space-time region where the squashing factor is small.
Lemma 6.3. If (R4, g(t))t≤0 is an ancient solution in A, then
2bs + csu
−1 − 4 ≤ 0.
Proof. Let h denote the quantity 2bs + csu
−1 − 4. By the boundary conditions we
see that h(o , t) = −1. Thus, if h is positive somewhere in the space-time, then there
exist p ∈ R4 and t ≤ 0 such that h(p, t) > 0 and hs(p, t) > 0. The latter condition
implies (
2bss + cssu
−1 + cs
(
bs
c
− csu
−1
c
))
(p, t) > 0.
Therefore, the scalar curvature (14) is bounded from above as follows:
R(p, t) <
2
b2
(−bscsu−1 − (csu−1)2 + 4− u2 − b2s) (p, t).
Since h(p, t) > 0, we get
R(p, t) <
2
b2
(
−4− 3
4
(csu
−1)2 + 4− u2
)
(p, t) < 0.
However, according to [Che09] any complete ancient solution to the Ricci flow has
nonnegative scalar curvature. We conclude that h ≤ 0 in the space-time. 
Since we aim to prove that J2 ≥ 0 for any ancient solution in A, let us consider the
evolution equation of J2 = bs + u− 2 at any negative minimum:
∂t J2|min<0 ≥ 1
b2
(−(csu−1)2(2 + J2) + cs(8 + 4J2))
+
1
b2
(−J32 − 6J22 − 8J2 − 3J2u2 − 6u2) .
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We simplify the evolution equation by introducing z = J2 + 2 > 0. Then we obtain
(50) ∂t J2|min<0 ≥ − z
b2
(
(csu
−1)2 − 4cs + z2 − 4 + 3u2
)
.
In order to prove that the cs-quadratic is always negative along an ancient solution
in A, one needs to control cs in terms of bs and u in a precise way everywhere in the
space-time. To this aim, we first show that cs decays to zero at the same rate given
by the hyperka¨hler quantity (16) for any solution in A.
Lemma 6.4. If (R4, g(t))t≤0 is an ancient solution in A, then
cs − 2u2 ≤ 0.
Proof. Let ψ
.
= cs−2u2 and let Ψ∞ .= supR4×(−∞,0] ψ. From Lemma 6.3 it follows that
Ψ∞ is bounded and we can hence assume for a contradiction that Ψ∞ > 0. By direct
computation we check that the evolution equation of ψ at any positive maximum is
given by
∂t ψ|max ≤ 1
b2
(−cs (6u2 + 2b2s)+ 8bsu3 + u2 (8b2s − 8bscsu−1 − 16(1− u2))) .
Since cs > 2u
2 at any positive maximum of ψ, we find
∂t ψ|max < 1
b2
(
4b2su
2 − 8bsu3 − 16u2 + 4u4
)
≤ 4u
2
b2
(
b2s − 2bsu− 4 + u2
)
.
Finally, we note that the quadratic on the right hand side is always negative because
0 ≤ bs ≤ 2 by Lemma 6.3. Therefore, we have shown that ∂tψ < 0 at any positive
maximum. Let now (pj , tj) be a space-time sequence satisfying ψ(pj, tj)→ Ψ∞. From
Lemma 6.3 we derive
4 ≥ csu−1(pj , tj) ≥ Ψ∞
2
u−1(pj , tj),
for any j large enough. Thus u(pj, tj) ≥ Ψ∞/8 for j large enough. Since c is uniformly
bounded in the space-time, the latter also yields b(pj , tj) ≤ 8m−1/Ψ∞. Moreover,
by the uniform lower bound for u and (48) we obtain bs(pj, tj) ≥ ε, for some ε >
0. We can then apply the compactness result in Proposition 5.1 to the sequence
(R4, gj(t), pj)t≤0, with gj(t)
.
= g(tj + t), and deduce that there exists a warped Berger
ancient solution (M∞, g∞(t), p∞)t≤0, with M∞ = R
4 or M∞ = R× S3, satisfying:
ψ∞(p∞, 0) = ((c∞)s − 2u2∞)(p∞, 0) = sup
M∞×(−∞,0]
ψ∞ = Ψ∞ > 0.
However, from the previous calculations we see that
∂t ψ∞|Ψ∞ < 0,
hence arriving to a contradiction. 
While the previous Lemma gives us a precise upper bound for cs in terms of u, in
order to control (50) at any negative minimum we also need a lower bound for csu
−1.
Thus, we consider the difference between J2 and J1u
−1.
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Lemma 6.5. If (R4, g(t))t≤0 is an ancient solution in A, then
J2 − J1u−1 = bs − csu−1 − 2(1− u) ≤ 0.
Proof. Let φ denote J2 − J1u−1. By Lemma 6.3 we get that φ is uniformly bounded
in the space-time. Suppose for a contradiction that Φ∞
.
= supR4×(−∞,0] φ is positive.
Given a space-time sequence (pj , tj) such that φ(pj, tj) → Φ∞, from Lemma 6.3 we
find
Φ∞
2
≤ φ(pj, tj) =
(
bs +
csu
−1
2
− 2− 3
2
csu
−1 + 2u
)
(pj, tj)
≤
(
−3
2
csu
−1 + 2u
)
(pj , tj)
Thus u(pj, tj) is uniformly bounded along the sequence. We may then use (48) as in
the proof of Lemma 6.4 to deduce that the compactness result applies to the sequence
of ancient Ricci flows translated by times tj and centred at pj. In particular, there
exists a limit warped Berger ancient Ricci flow (M∞, g∞(t), p∞)t≤0 such that
φ∞(p∞, 0) =
(
(b∞)s − (c∞)su−1∞ − 2(1− u∞)
)
(p∞, 0) = sup
M∞×(−∞,0]
φ∞ = Φ∞ > 0.
Thus, it remains to check that φ∞ cannot achieve a positive supremum along a warped
Berger ancient solution as inA. In fact, we show that for any complete, warped Berger
ancient Ricci flow with monotone coefficients φ∞ never attains its positive supremum
in the space-time.
We compute the evolution equation of φ∞ at a positive maximum and we drop the
∞-subscript from the notation:
∂tφ|max ≤ 1
b2
(
bs
(
4− b2s − (csu−1)2 − 14u2
))
+
1
b2
(
csu
−1
(
b2s + (csu
−1)2 + 4 + 6u2
))
+
1
b2
(
2u
(−3b2s − (csu−1)2 + 4bscsu−1 + 4(1− u2))) .
At any positive maximum of φ we can bound the evolution equation by
∂tφ|max ≤ 1
b2
(
4(1− u)
(
− (csu−1 − u)2))
+
φ
b2
(−φ2 − φ(6 + 2csu−1)− 2(csu−1)2 − 8csu−1 + 4cs − 8− 2u2) < 0.
Therefore, given a warped Berger ancient solution with monotone coefficients the
geometric quantity φ cannot achieve its supremum in the space-time. This completes
the proof. 
We may now go back to the evolution equation of J2 at a negative minimum (50).
The roots of the cs-quadratic are
y± = u
2
(
2±
√
1 + u−2(4− z2)
)
.
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From Lemma 6.4 we immediately derive that
cs ≤ 2u2 < y+,
for any Ricci flow in A. According to Lemma 6.5, in order to prove that cs > y−
everywhere in the space-time, it suffices to show that
(51) y− < bsu− 2u(1− u).
The latter is equivalent to
1 + u−1(2− z) <
√
1 + u−2(4− z2).
After taking the square of the equation and rearranging the terms, we see that (51)
holds if and only if
2u−1(2− z)(1 − zu−1) < 0,
which is indeed satisfied because by definition zu−1 = (bs + u)u
−1 > 1 and at any
negative minimum of J2 we have z < 2. Therefore, we conclude that cs ∈ (y−, y+) in
the space-time.
To sum up, we have shown that:
Lemma 6.6. Given an ancient solution to the Ricci flow in A, the evolution equation
of J2 at any negative minimum satisfies
∂t J2|min<0 > 0.
The final and most difficult step consists in proving that, up to passing to a subse-
quence, the hyperka¨hler quantity J2 always attains its infimum on any ancient solution
in A. We emphasize that any conclusion achieved so far does extend to the steady
soliton found by Appleton in [App19]. Explicitly, one may check that in order to
apply the compactness result for proving Lemmas 6.4 and 6.5 it suffices to require
bsu
−1 to be uniformly bounded from below in the space-time, which holds along the
soliton because it opens as fast as a paraboloid at spatial infinity. However, along
the soliton the infimum of J2 is −2 and is never attained in the space-time. Indeed,
along any space-time sequence (pj , tj) satisfying J2(pj , tj) → −2 the roundness ratio
u becomes degenerate. Thus, we see once again that in the collapsed setting the main
issue consists in verifying that geometric quantities do attain their infimum (supre-
mum) in regions of the space-time where the squashing factor stays positive. This is
where the condition (48), with f diverging to infinity when u−1 → ∞, plays a role
via a sort of approximation method to show that, in fact, for any solution in A we
have
lim
u−1→∞
J2 = 0.
Equivalently, below we prove that for any ancient solution in A the warping coefficient
b in the directions orthogonal to the Hopf-fiber grows linearly in space, meaning that
the volume of geodesic balls Bg(t)(o , r) behaves like r
3 for any radius r large enough
and on any time-slice.
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Proposition 6.7. If (R4, g(t))t≤0 is an ancient solution to the Ricci flow in A, then
there exists δ > 0 satisfying
inf
R4×(−∞,0]
u−δ(bs − 2) > −∞.
Proof. For any δ, ǫ > 0 we define
ωδ,ǫ = u
−δ
(
ǫbsu
−1 + bs − 2
)
,
and
Ωδ,ǫ = inf
R4×(−∞,0]
ωδ,ǫ.
In the following we always take Ωδ,ǫ to be negative. From (48) we see that there exists
β > 0 such that
ωδ,ǫ ≥ u−δ
(
ǫ(βf(u−1)) + bs − 2
)
,
with f(u−1)→∞ as u−1 →∞. Thus, given δ and ǫ positive constants, the quantity
Ωδ,ǫ is finite. Given a negative minimum point for ωδ,ǫ, the evolution equation becomes
∂tωδ,ǫ|min<0 ≥ ωδ,ǫ
b2
(
b2s(δ
2 + 2δ + 2δ
ǫu−1
1 + ǫu−1
) + (csu
−1)2(δ2 + 2δ
ǫu−1
1 + ǫu−1
)
)
+
ωδ,ǫ
b2
(
bscsu
−1(−2δ2 − 2δ − 4δ ǫu
−1
1 + ǫu−1
)− 4δ(1− u2)
)
+
ǫbsu
−1−δ
b2
(
2b2s
ǫu−1
1 + ǫu−1
+ (csu
−1)2(−2 + 2 ǫu
−1
1 + ǫu−1
)
)
+
ǫbsu
−1−δ
b2
(−4 ǫu
−1
1 + ǫu−1
bscsu
−1 − 2u2)
+
1
b2
(
4ǫcsu
−δ + 4csu
1−δ + bsu
−δ(4− b2s − (csu−1)2 − 6u2)
)
.
Since bs and cs are nonnegative and ωδ,ǫ < 0, we may bound the right hand side by:
∂tωδ,ǫ|min<0 ≥ δωδ,ǫ
b2
(
b2s(δ + 2 + 2
ǫu−1
1 + ǫu−1
) + (csu
−1)2(δ + 2
ǫu−1
1 + ǫu−1
)− 4(1− u2)
)
+
ǫbsu
−1−δ
b2
(
−2(csu−1)2 − 4 ǫu
−1
1 + ǫu−1
bscsu
−1 − 2u2
)
+
1
b2
(
bsu
−δ(4− b2s − (csu−1)2 − 6u2)
)
.
We note that
bsu
−δ(4− b2s) = (b2s + 2bs)(−ωδ,ǫ + ǫbsu−1−δ) ≥ −(b2s + 2bs)ωδ,ǫ.
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Since by Lemma 6.3 bs ≤ 2, if we take δ positive such that 2 − δ2 − 4δ ≥ 0, then we
can write
∂tωδ,ǫ|min<0 ≥ δ|ωδ,ǫ|
b2
(
(csu
−1)2(−δ − 2 ǫu
−1
1 + ǫu−1
) + 4(1− u2)
)
+
ǫbsu
−1−δ
b2
(
−2(csu−1)2 − 4 ǫu
−1
1 + ǫu−1
bscsu
−1 − 2u2
)
+
1
b2
(−bsu−δ((csu−1)2 + 6u2)) .
By Lemma 6.4 we see that |csu−1| ≤ 2u. Moreover, whenever ωδ,ǫ < 0 we have
ǫbsu
−1 < 2. Since by the condition we set previously δ < 1, we can bound the
evolution equation by
∂tωδ,ǫ|min<0 ≥ δ|ωδ,ǫ|
b2
(−12u2 + 4(1− u2))
+
2u−δ
b2
(−8u2 − 16u− 2u2)
+
1
b2
(−2u−δ(4u2 + 6u2)) .
Finally, we observe that |ωδ,ǫ| ≤ 2u−δ at any negative minimum. Therefore, from
the evolution equation we deduce that if |ωδ,ǫ| = Ωδ, for some Ωδ large enough and
independent of ǫ, then
∂tωδ,ǫ|min=−Ωδ<0 ≥
1
b2
(δΩδ − 1) > 0.
Let (pj, tj) be a space-time sequence satisfying ωδ,ǫ(pj , tj) → Ωδ,ǫ < 0. According
to (48) the squashing factor is bounded away from zero by some positive quantity
depending on ǫ along the given sequence. From (49) we then derive that b(pj, tj) ≤
α(ǫ) <∞. Again by the constraint in (48) the spatial derivative bs has a uniform lower
bound along the sequence because u is non-degenerate. Since the ancient solution
belongs to A we deduce that we may apply the compactness result in Proposition 5.1
to the sequence (R4, g(tj + t), pj)t≤0 and conclude that there exists a warped Berger
ancient solution (M∞, g∞(t), p∞)t≤0 such that
(ωδ,ǫ)∞(p∞, 0) = inf
M∞×(−∞,0]
(ωδ,ǫ)∞ = Ωδ,ǫ < 0.
From the previous analysis we derive that there exists Ωδ > 0 such that
∂t(ωδ,ǫ)∞(p∞, 0) > 0,
when (ωδ,ǫ)∞(p∞, 0) < −Ωδ.
Thus, fixed δ as above, we see that Ωδ,ǫ ≥ −|Ωδ|, for all ǫ > 0. We then let ǫց 0
and conclude that there exists δ > 0 such that
ωδ,0 = u
−δ(bs − 2) ≥ −|Ωδ| > −∞.

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We now have all the ingredients to prove Theorem 2.
Proof of Theorem 2. By Proposition 6.7 we know that there exist δ,Ωδ > 0 such that
(52) J2 ≥ u− Ωδ uδ.
Let us set the notation inf J2
.
= J2 and assume for a contradiction that J2 < 0. Given
(pj, tj) such that J2(pj, tj)→ J2, , by (52) we see that
u(pj, tj)
δ ≥ |J2|
2Ωδ
,
for all j large enough. We may then argue as for the proof of Proposition 6.7 and
derive that there exists a limit warped Berger solution (M∞, g∞(t), p∞)t≤0 such that
(J2)∞(p∞, 0) = inf
M∞×(−∞,0]
(J2)∞ = J2 < 0.
However, Lemma 6.6 implies that ∂t(J2)∞(p∞, 0) > 0. Therefore, for any ancient
solution in A we have J2 ≥ 0.
Claim 6.8. Let (R4, g(t))t≤0 be a complete, bounded curvature warped Berger ancient
solution to the Ricci flow. Assume that there exist r > 0, t0 ≤ 0 such that
J2(·, t0)|Bg(t0)(o,r) ≥ 0.
Then g(t) ≡ g is Ricci-flat.
Proof of Claim 6.8. Since the curvature is bounded, we may apply l’Hoˆpital rule and
find that the scalar curvature at the origin is given by:
R(o, t) = −4(csss(o, t) + 2bsss(o, t)).
In particular, we derive that
(u)ss(o , t) =
1
3
(csss(o , t)− bsss(o , t)) ,
Therefore, we get
(J2)s(o, t) = 0, (J2)ss(o , t) =
1
3
(2bsss(o, t) + csss(o , t)) = −R(o , t)
12
.
From the assumption we deduce that the origin must be a local minimum for J2(·, t0),
meaning that (J2)ss(o , t0) ≥ 0 and hence R(o, t0) ≤ 0. By Chen [Che09] and a
standard application of the strong maximum principle to the Ricci flow we conclude
that the ancient solution is in fact a stationary Ricci flat metric. 
By Claim 6.8 any ancient solution in A is Ricci-flat. Accordingly, we drop the
time-dependence and we simply write g. Suppose for a contradiction that J2 > 0
somewhere. From the boundary conditions we get that there exists p ∈ R4 such that
J2(p) > 0 and (J2)s(p) > 0. Thus(
bss +
cs
b
− bsu
b
)
(p) > 0,
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and (bs + u)(p) > 2. We then obtain
Ric (X1, X1) (p) = (−bbss − bscsu−1 − b2s − 2u2 + 4)(p)
< (cs − bsu− bscsu−1 − b2s − 2u2 + 4)(p)
< (2cs(1− u−1) + 2u(1− u))(p) < 0,
where the last inequality follows from Lemma 6.5. Therefore J2 = 0 everywhere in
the space-time. Again, by Lemma 6.5 we see that J1 ≥ 0 and a similar argument
yields J1 = 0. Since the Hopf-fiber is uniformly bounded for any ancient solution in
A and the differential equations (16) and (17) are satisfied in the space-time, we can
conclude that g is the Taub-NUT metric of mass m, with m given by (49). 
7. Long-time behaviour of the Ricci flow
In this section we apply the compactness property in Proposition 5.1 and the rigid-
ity result in Theorem 2 to study the long-time behaviour of Ricci flow solutions in Gk
and in GAF. In particular, we show that any solution in Gk encounters a Type-II(b)
singularity in infinite-time, which is modelled by the Taub-NUT metric in a precise
way. Namely, any solution in Gk converges to gTNUT in the Cheeger-Gromov sense.
We recall that an immortal Ricci flow solution (M, g(t))t≥0 converges to a stationary
Ricci-flat metric (M∞, g∞) in the pointed Cheeger-Gromov sense in infinite time if
there exist p ∈ M and p∞ ∈ M∞ such that for any sequence tj ր ∞ the pointed
sequence (M, g(tj+t), p) converges to (M∞, g∞, p∞) in the Cheeger-Gromov sense. We
point out that for this notion of convergence we do not rescale the immortal solution,
so that if g∞ is non-flat, then g(t) develops a Type-II(b) singularity in infinite-time.
7.1. The positive mass case. In the following we focus the attention on Ricci flow
solutions starting in Gk. We recall that any metric in GAF with positive-mass belongs
to G0. We first prove that the mass of any Ricci flow solution in Gk is in fact preserved
in any region where b is large, uniformly in time.
Lemma 7.1. Let (R4, g(t))t≥0 be the maximal Ricci flow solution evolving from some
g0 ∈ Gk with mass mg0. There exists ν > 0 such that for all γ < (mg0)−1 we have
inf
R4×[0,+∞)
bν(c− γ) > −∞.
Proof. Given ν > 0 and γ < (mg0)
−1 we let f = bν(c − γ). From Lemma 4.2 we
derive that f(s, t)→∞ at spatial infinity on any time-slice. Assume that there exist
p0 ∈ R4 and t0 > 0 such that f attains a negative minimum at (p0, t0). The evolution
equation of f is
∂tf(p0, t0) ≥ 1
b2
(
f
(
ν2b2s(1−
c− γ
c
) + 2νu2 − 4ν
)
− 2u2bνc
)
.
If |f(p0, t0)| is large, then b(p0, t0) is large too. Thus, from the rotational symmetry
type of bounds in Corollary 4.5 we see that
|c− γ|
c
(p0, t0) ≤ 1 +
m−1g0
c
(p0, t0) ≤ α <∞.
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Therefore, we obtain
∂tf(p0, t0) ≥ |f |
b2
(
−(1 + α)ν2b2s −
2
|f |u
2bνγ + 2ν
)
.
Since by Lemma 4.4 the derivative bs is uniformly bounded in time, we may pick
ν > 0 small enough such that
∂tf(p0, t0) ≥ |f |
b2
(
ν − 2u(mg0)
−2
|f |
)
.
Finally, once we let |f | be sufficiently large depending on the choice of ν and on the
value of mg0 , we conclude that ∂tf(p0, t0) > 0, which completes the proof. 
We may now prove that any Ricci flow in Gk converges to gTNUT in infinite-time.
Proof of Theorem 3. Let tj ր ∞ and consider the pointed sequence of Ricci flow
solutions (R4, gj(t),o)t∈[−tj ,0], with gj(t) = g(tj + t). According to Proposition 5.5,
the curvature is uniformly bounded along the sequence. Moreover, the first order
derivatives are controlled in the space-time by Lemma 4.4. From the boundary con-
ditions we also derive that conditions (42), (43) and (44) are satisfied by the sequence
given above. Therefore, after a diagonal argument we deduce that (R4, gj(t),o) con-
verges to an ancient solution (R4, g∞(t),o)t≤0 as in Proposition 5.1. In particular,
(R4, g∞(t))t≤0 is a complete, warped Berger ancient solution with monotone coeffi-
cients and curvature uniformly bounded in the space-time. Moreover, from the con-
vergence of the warping coefficients given by Proposition 5.1 we find that c∞ ≤ m−1g0 .
By Lemma 4.9 and the bound on the Hopf-fiber we know that b∞ diverges at spatial
infinity on any time-slice. According to Lemma 4.9 and Lemma 7.1 we may pick
λ > 0 small enough and α > 0 such that
(b∞)su
−1
∞ ≥ log(b∞)−
α
bλ∞
and
c∞ ≥
m−1g0
2
− α
bλ∞
.
Let Vλ be the space time region where b
λ
∞ ≥ 4(α+ 1)(mg0 + 1). Thus, in Vλ we get
(b∞)su
−1
∞ ≥ log(u−1∞ ) + log(c∞)−
1
4
≥ log(u−1∞ )− log(mg0)− log(4)−
1
4
.
Since by Lemma 4.9 we have (b∞)su
−1
∞ ≥ β, for some β > 0, we conclude that there
exists a continuous function f : [1,∞)→ R>0, with f(z)→∞ as z →∞, such that
(bs)∞u
−1
∞ ≥ f(u−1∞ )
in R4 × (−∞, 0]. Therefore, the limit ancient Ricci flow (R4, g∞(t)) belongs to A
(see Definition 6.1). By the rigidity property in Theorem 2 we see that g∞(t) is the
Taub-NUT metric gTNUT of mass exactly mg0 as follows from Lemma 7.1. 
Remark 7.2. We note again that the argument above works for any asymptotically
flat Ricci flow with positive mass, hence proving (i) of Theorem 1 as well.
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We also get:
Proof of Corollary 1. Let g0 ∈ G0 be as in Lemma 2.7. We can then apply Corollary
2.11 and Theorem 3 to derive that the maximal complete, bounded curvature Ricci
flow solution starting at g0 is immortal and converges to gTNUT in the pointed Cheeger-
Gromov sense as tր∞. 
7.2. The zero mass case. In order to prove that any asymptotically flat Ricci
flow with Euclidean volume growth, or equivalently zero mass, encounters a Type-
III singularity in infinite-time, we first show that the roundness ratio converges to 1
uniformly in any space-time region where b is large.
Lemma 7.3. If (R4, g(t))t≥0 is the maximal Ricci flow solution starting at some
g0 ∈ GAF with zero mass, then there exists ν > 0 such that
sup
R4×[0,∞)
bν(1− u) <∞.
Proof. Let ǫ > 0 satisfy supR4( dg0(o, ·))2+ǫ|Rm|g0(·) <∞. If we pick 0 < ν < ǫ, then
we may apply l’Hoˆpital formula to bν(1 − u) and use (13) to derive that bν(1 − u)
converges to zero at spatial infinity. Since by Lemma 3.1 the decay of the curvature
persists in time, such conclusion holds along the solution. At any positive maximum
point we have
∂t(b
ν(1− u))|max ≤ b
ν(1− u)
b2
(
ν2b2su
−1 − 4ν + 2νu2 − 4u(1 + u)) .
We may take ν < 1 and hence write
∂t(b
ν(1− u))|max ≤ b
ν(1− u)
b2
(
ν2b2su
−1 − 4ν − 4u) .
We note that from Lemma 2.4 it follows that u(·, 0) ≥ ε > 0 in the zero-mass case.
Thus, we may apply (iii) in Lemma 2.9 and Lemma 3.4 to write
∂t(b
ν(1− u))|max ≤ b
ν(1− u)
b2
(
ν2b2sε
−1 − 4ν − 4ε) ≤ bν(1− u)
b2
(
αν2ε−1 − 4ν − 4ε) ,
which is negative whenever ν is sufficiently small depending on ε and α. 
As a consequence of the previous result, we prove that the squashing factor u
converges to 1 as time goes to infinity.
Corollary 7.4. If (R4, g(t))t≥0 is the maximal Ricci flow solution starting at some
g0 ∈ GAF with zero mass, then there exist β > 0 and δ > 0 such that
(1− u)(·, t) ≤ β
(1 + βt)δ
,
for all times t ≥ 0.
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Proof. Consider the function h = 1 − u. In the zero mass case we have h(o , t) = 0
and h(s, t) → 0 as s → ∞, for all positive times. At any positive maximum we may
compute that:
∂t(1− u)|max ≤ 1
b2
(−4u(1− u2)) .
From Lemma 7.3 we see that b ≤ α(1− u)−ν, yielding
∂t(1− u)|max ≤
(
−(1− u)
2
ν
α
)
4u(1− u2)
Since the roudness ratio is uniformly bounded from below by Lemma 2.9, we find
that there exists ε > 0 such that
∂t(1− u)|max ≤ −
(
4
α
ε(1 + ε)
)
(1− u) 2ν+1 ≤ −β(1− u) 2ν+1.
We may then apply the maximum principle and integrate the previous relation to
obtain
(1− u)max(t) ≤ β
(1 + βt)
ν
2
,
up to choosing β large enough. 
We finally prove that any immortal Ricci flow in GAF with zero mass encounters a
Type-III singularity at infinite time.
Proof of (ii) in Theorem 1. Given an immortal Ricci flow solution (R4, g(t))t≥0 start-
ing at g0 ∈ GAF with mg0 = 0, let us assume for a contradiction that there is a
Type-II(b) singularity at infinite time. One can then argue as for the proof of Propo-
sition 5.5 and deduce that there exists a space-time sequence (pj , tj), with tj ր ∞,
such that the pointed sequence (R4, gj(t), pj), defined by gj(t) = λjg(tj+ t/λj), where
λj = |Rm|(pj, tj), converges to an eternal Ricci flow solution (M∞, g∞(t), p∞). By
Lemma 2.4 and Lemma 3.1 there exists ε > 0 such that
u(·, t) ≥ ε > 0,
for all times t ≥ 0. We may then apply Lemma 3.9 and derive that (42), (44) are
satisfied along the Ricci flow sequence. From Corollary 3.7 we also get
bj(pj, 0) =
√
λjb(pj , tj) =
√
(c2|Rm|)(pj, tj)u−1(pj , tj) ≤ αε−1,
for some α > 0. Therefore, the compactness result in Proposition 5.1 holds and we
may hence use Corollary 7.4 to deduce that (M∞, g∞(t), p∞)t∈R is an eternal warped
Berger solution to the Ricci flow such that
(1− u∞)(q, t) = lim
j→∞
(1− u)(sj(q), tj + t) = 0,
for all q ∈ M∞ and for all t ∈ R. Thus g∞(t) is rotationally symmetric. Since by
Lemma 3.9 we see that g∞(t) has Euclidean volume growth, we can follow the proof
of Proposition 5.5 to conclude that g∞(t) is flat, therefore contradicting the choice of
the rescaling factors.
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We have shown that for any Ricci flow solution starting at some g0 ∈ GAF with
zero mass, the singularity forming at infinite time is of Type-III. Given tj ր∞, the
Ricci flow sequence (R4, gj(t),o)t∈[−tj ,0] satisfies the assumptions in Proposition 5.1
and hence converges to a warped Berger solution (R4, g∞(t), p∞). From the Type-III
condition we see that |Rm∞|∞(·, t) ≡ 0, meaning that (M∞, g∞) is the Euclidean
space. 
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